ARITHMETIC PROPERTIES OF /-ADIC ETALE COHOMOLOGY AND
NEARBY CYCLES OF RIGID ANALYTIC SPACES

DAVID HANSEN AND BOGDAN ZAVYALOV

ABSTRACT. We prove a number of results on the étale cohomology of rigid analytic varieties over
p-adic non-archimedean local fields. Among other things, we establish bounds for Frobenius eigen-
values, show a strong version of Grothendieck’s local monodromy theorem, prove mixedness of the
nearby cycle sheaf, and show that for any formal model, the IC sheaf on the special fiber is captured
by the nearby cycles of the IC sheaf on the generic fiber. We also prove a local version of Deligne’s
weight-monodromy conjecture, by a novel perfectoid analysis of nearby cycles.

Along the way, we develop the theory of “constructible ¢-adic complexes on Deligne’s topos”
(six operations, perverse t-structure, a notion of mixedness, etc.), which is prerequisite to a precise
discussion of the Galois action on nearby cycles for algebraic and rigid analytic varieties over non-

CONTENTS
1. Introduction
1.1. Deligne’s topos
1.2.  Mixedness of the nearby cycles
1.3.  Grothendieck’s local monodromy theorem
1.4.  Weight-monodromy conjecture for the nearby cycles
1.5. Terminology
1.6.  Acknowledgements
2. Deligne’s category
2.1.  Arithmetic fields
2.2. Inertia action: the case of a point
2.3. Inertia action: general case
2.4. Mixed sheaves on Deligne’s topos
2.5.  Monodromy operator
2.6.  Weight filtration
2.7. Monodromy-pure sheaves on Deligne’s topos
3. Quasi-unipotent monodromy Theorem and mixedness of nearby cycles
3.1. Nearby cycles of constant sheaves
3.2. Nearby cycles of the intersection complex
3.3.  Global results
4. Local weight-monodromy conjecture
4.1. Overview
4.2. Equi-characteristic case
4.3. A non-standard tilting construction
4.4. Mixed characteristic case
5. Conjectures and questions
Appendix

archimedean fields.

00 3 =1 =3 UL UL i DN N

o R R e S R W WD NN N
O O WH P, OOO0NODOCGDO — o Ut O



2 DAVID HANSEN AND BOGDAN ZAVYALOV

Appendix A. Deligne’s category and nearby cycles 49
A.1. Definition of Deligne’s topos 49
A.2. Shriek functors 56
A.3. Analytic nearby cycles 58
A.4. Comparison of analytic and algebraic nearby cycles 63
Appendix B. Adic and rational coefficients 65
B.1. Adic complexes on a general topos 66
B.2. Adic complexes on Deligne’s topos 67
B.3. Six functors over an arithmetic field 71
References 73

1. INTRODUCTION

This paper centers around three main results, all dealing with ¢-adic cohomology groups of quasi-
compact and quasi-separated rigid-analytic varieties over p-adic non-archimedean fields. We briefly
list these results here and then discuss each result in more detail. The first result is a proof of
(a slightly weakened version of) a conjecture of Bhatt-Hansen (see [BH22, Conjecture 4.15]). The
second result is a strong uniform-in-# version of Grothendieck’s local monodromy theorem for rigid-
analytic varieties. The last result concerns a local version of the weight-monodromy conjecture
for nearby cycle sheaves, which was proved in the equal characteristic case by Gabber; this paper
makes the first progress in mixed characteristic.

Besides these three main points, we also develop the general theory of Z,- and Qg-constructible
sheaves on Deligne’s topos (see Definition A.1.3) in significant detail. These results are crucial
even to give a correct formulation of [BH22, Conjecture 4.15] and the local weight-monodromy
conjecture for nearby cycles.

1.1. Deligne’s topos. Our main initial goal was to prove [BH22, Conjecture 4.15]. However, it
quickly turned out that even to formulate [BH22, Conjecture 4.15] correctly (or the nearby cycle
version of the weight-monodromy conjecture), we have to use sheaves on Deligne’s topos and their
structure theory.

Let us briefly explain the main source of this necessity. According to [BH22, Conjecture 4.15],
for an admissible formal O-scheme X, the nearby cycles complex R¥xICy, q, should be a mixed
perverse sheaf on the special fiber. However, this claim does not quite make sense, since the nearby
cycles is not a complex of sheaves on the special fiber Xs. What it is, rather, is a

“complex of Qy-sheaves on the geometric special fiber Xz with a continuous action of G
compatible with the action of G on X35”.

This definition, however, is rather difficult to make precise by hand, and the additional problem
of defining the six functors for such sheaves suggests we should take a more conceptual approach.
Also, since the nearby cycles do not have any preferred descent to a complex of sheaves on the
special fiber, we might instead try to adapt the notion of mixedness to this situation.

We resolve both issues in Appendix A, Appendix B, and Section 2. The results of Appendix A
and Appendix B are (mostly) not new, but they seem very difficult to find explicitly stated in the
literature. Therefore, we decided to present these results in the generality needed for this paper.
The material of Section 2 seems to be somewhat known to the experts, but we were not able to find
any rigorous discussion of these results in the literature. In particular, even a precise definition of
a mixed sheaf on Deligne’s topos seems not to be present in the existing literature.
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We now briefly summarize the main results of each of these sections in more detail. Throughout
this discussion, we fix a non-archimedean field K with ring of integers O and residue field k. We
also fix a prime number /.

In Appendix A, we follow [SGAT7,] and introduce the notion of Deligne’s topos X x, n for a
finite type k-scheme X (see Definition A.1.3). Although general product topoi are quite abstract,
Deligne’s topos is very concrete, and gives a precise meaning to the intuition of a sheaf on X5 ¢
with a continuous compatible G i-action. In particular, we show that there is a morphism of topoi
mx: Xzt — X Xg1n (see Lemma A.1.4), where intuitively 7% corresponds to forgetting the G-
action. As evidence for this intuition, we show that for any object ¥ € D(X xn;Z/¢™), there is
a functorial “action of Gk” on the pullback 7% JF compatible with the action of Gx on Xz (see
Construction A.1.6 and Construction B.2.1 for a precise formulation). The rest of Appendix A is
devoted to defining six functors for Deligne’s categories and the (analytic and algebraic) nearby
cycles; here we closely follow some ideas and constructions of Lu-Zheng [[.Z19]. Appendix B is de-
voted to extending these results to Z, and Q-coeflicients. We also show that the “derived category
of constructible Q-sheaves” DY(X xn; Q) admits both standard and perverse t-structures (see
Corollary B.2.7 and Lemma B.2.12).

Now we discuss the content of Section 2. Throughout this section, we fix a non-archimedean
field K which is arithmetic (see Definition 2.1.1), and a prime number ¢ invertible in Og. Any
continuous section o: G — G of the canonical projection G — Gy, of Galois groups defines a
morphism of topoi ox : Xg¢ — X X n with an associated conservative pullback functor

o DY(X x5 1; Q) — DY(X; Q)

for any finite type k-scheme X. We show that, for any F € Db(X x;n; Q/), mixedness of 0% F is
independent of o:

Theorem 1.1.1. (Lemma 3.2.4 and Corollary 2.4.3) Let K be an arithmetic non-archimedean
field, X a finite type k-scheme, and

0,0 Gy, = Gk
two continuous sections, and F € D(X x5 n; Q). Then o%F € Db(X;Qy) is pure of weight w
(resp. mixed of weights < w, resp. mixed of weights > w) if and only if o5 F € DY(X;Qy) is pure
of weight w (resp. mixed of weights < w, resp. mixed of weights > w).

Theorem 1.1.1 allows us to define mixed and pure sheaves on X Xz n: we say that F € DIC’(X X
7; Qe) is mixed (resp. pure) if 03 F is mixed (resp. pure) for a(ny) choice of a continuous section
o (see Definition 2.4.4). We also show that for mixed perverse sheaves, the weight filtration can be
constructed on the level of Deligne’s categories, recovering the usual weight filtration after applying
o for any continuous section o:

Theorem 1.1.2. (Theorem 2.6.8) Let K be an arithmetic non-archimedean field, X a finite type
k-scheme, and F € Perv(X xsn; Q) a mixed perverse sheaf (see Definition 2.6.1). Then there is a
unique functorial increasing weight filtration

FilyF C F
such that
(1) each FiliiJ is a perverse sheatf;

(2) GriyJ is zero or a pure sheaf of weight n;
(3) Fily"F = 0 and FilyyJ = J for a large n > 0.
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Furthermore, the weight filtration satisfies the following properties:
(1) any morphism of mixed perverse sheaves f: F — G is strictly compatible with the weight
filtrations, i.e. f(FilyydF) = FilyyG N f(F);
(2) for any continuous section o: G — G of the projection r: Gx — Gy, there is an equality
of filtrations
oxFiliyF = Filyyox 7,
where Filyyo% F is the weight filtration from [BBDS2, Théoreme 5.3.5].

We also show that all complexes in D%(X x, 1; Q) automatically satisfy a version of the
Grothendieck quasi-unipotence theorem and admit a canonical nilpotent monodromy operator V.

Theorem 1.1.3. (Corollary 2.3.4, Lemma 2.5.2, and Definition 2.6.3) Let K be an arithematic
non-archimedean field, X a finite type k-scheme, and F € DIC’(X Xs1; Q). Then

(1) there is an open subgroup I; C I such that the action of I; on 7% JF is unipotent;
(2) there is a unique (independent of I;) nilpotent morphism
N: 1%F — nxF(-1)
in D%(X3; Q) such that
pg = exp(Nti(g))
for g € Iy;
(3) if F is perverse, then N descends to a morphism N: F — F(—1).

1.2. Mixedness of the nearby cycles. Using the machinery discussed in Section 1.1, we can
formulate and prove the corrected (and slightly weakened) version of the f-adic conjecture from
[BH22]:

Theorem 1.2.1. Let X be quasi-compact quasi-separated rigid-analytic variety over a p-adic local
field! K, and X an admissible formal O x-model of X with special fiber Xy, so X = X,. Then

(1) the nearby cycles RUxICyx q, is a mixed perverse sheaf. Moreover, if X is of pure dimension
d, then ICx y,, q, (see Definition 3.2.5) is a direct summand of the d-th graded piece of
the weight filtration on R¥yICx q, (see Theorem 2.6.8);

(2) for any g € G, projecting to the geometric Frobenius in G and any integer i > 0, the
eigenvalues of g acting on IHl(X%; Q) are g-Weil numbers of weights > i;

(3) If X is smooth or the ¢-adic Decomposition theorem for rigid-analytic varieties holds (see
[BH22, Conjecture 4.17]), then weights in (2) are > max(0,1).

Remark 1.2.2. We note that the original formulation of [BH22, Conjecture 4.15] is not quite
correct: over a non-algebraically closed base field, the functor R\, used in [BH22, Conjecture 4.15]
is different from the nearby cycles functor and does not preserve perverse sheaves.

Remark 1.2.3. Theorem 1.2.1 is weaker than [BH22, Conjecture 4.15] since the latter predicts
that the weights of the geometric Frobenius action are all non-negative’. We can prove this either
for smooth X or under the assumption that the f-adic decomposition theorem holds for a resolution
of singularities of X.

ILocal fields are defined in Section 1.5. A p-adic local field is always a finite extension of Qyp.
2We use the same normalization for the intersection cohomology groups as the one used in [BH22]. In particular,
intersection cohomology groups of a smooth space live in degrees [— dim X, dim X].



ARITHMETIC PROPERTIES OF ETALE COHOMOLOGY AND NEARBY CYCLES 5

The essential idea of the proof of Theorem 1.2.1 is to use perverse exactness of the nearby
cycles and resolution of singularities to reduce to the smooth case. In this case, one can use
Elkik’s algebraization and the comparison of analytic and algebraic nearby cycles to reduce to an
analogous result in the algebraic world. Then one can use de Jong’s alterations to reduce to the
strictly semi-stable case, where the nearby cycles were explicitly computed by Saito.

As a byproduct of our methods, we also show that the nearby cycles of the constant sheaf are
mixed and give some estimates on the weights of the Frobenius action on (ordinary and compactly
supported) cohomology of X.

Theorem 1.2.4. (Lemma 3.1.9 and Theorem 3.3.4) Let K be a p-adic local field, and X an
admissible formal Of-scheme with generic fiber X = X,,. Then

(1) the nearby cycles RUxQ, € Db(Xs x s n; Qp) are mixed;

(2) For any g € G projecting to the geometric Frobenius in Gy and any integer ¢ > 0, the
eigenvalues of g acting on H’(X%; Q) are g-Weil numbers of weights > 0;

(3) For any g € G projecting to the geometric Frobenius in Gy and any integer ¢ > 0, the
eigenvalues of g acting on H’C(X%; Q) are g-Weil numbers;

(4) For any g € G projecting to the geometric Frobenius in Gy and any integer ¢ > 0, the
eigenvalues of ¢ acting on IHZC(X%; Q) are g-Weil numbers of weights < 2d + i;

(5) For any g € Gk projecting to the geometric Frobenius in Gy and any integer i > 0, the
eigenvalues of g acting on IHI(X%; Q) are g-Weil numbers of weights > i.

1.3. Grothendieck’s local monodromy theorem. The methods used in the proof of Theo-
rem 1.2.1 can also be adapted to show the Grothendieck Local Monodromy Theorem for rigid-
analytic varieties:

Theorem 1.3.1. (Theorem 3.3.1) Let K be a discretely valued p-adic non-archimedean field, ¢ # p
a prime number, A a ring Z/{"Z, Z;, or Qq, and X a quasi-compact quasi-separated rigid-analytic
variety over K. Then there is an open subgroup I; C I and an integer N (both independent of
¢ # p and A) such that, for each g € I1, (g — 1)V acts trivially on

Hi(X%, A), Hf:(X%, A), IHi(X%, A), and IHf:(X%, A)
for each integer i.

The idea of the proof of Theorem 1.3.1 is similar to that of Theorem 1.2.4: we reduce the general
case to the case of an algebraic strictly semi-stable formal model, where the result is well-known.
A more careful analysis of the proof leads us to a stronger version of Theorem 1.3.1 in case of usual
cohomology groups:

Theorem 1.3.2. (Theorem 3.3.2) Under the same assumptions as in Theorem 1.3.1, there is a
non-empty open subgroup I; C I, independent of £ and A, such that for all g € I; and all integers
i, (9= 1) = 0 on H'(Xz, A).

1.4. Weight-monodromy conjecture for the nearby cycles. For the rest of this section, we
fix a p-adic local field K and a prime number £ # p.

Let X be a smooth and proper K-scheme. Then its geometric étale cohomology groups H"(XK7 Qo)
come equipped with the monodromy filtration Fill’v[H"(XF, Q¢). The following famous conjecture
is due to Deligne, and is motivated by analogy with properties of limit mixed Hodge structures; we
refer to [[1194] for a beautiful overview of this circle of ideas.
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Conjecture 1.4.1. (Weight—Mono‘dromy Conjecture) Let X be as above. Then the eigenvalues of

any geometric Frobenius lift on gr{\/IHi(XF, Q) are ¢-Weil numbers of weight i 4 j for every pair
of integers 1, j.

Conjecture 1.4.1 is a global statement which is specific to proper algebraic varieties. In this
paper, we recall and prove a local version of this conjecture. Unfortunately, the local version does
not imply the global version. We hope that it can be combined with some other ideas to give a
new approach to Conjecture 1.4.1. Based on these local results, we also formulate a generalization
of Conjecture 1.4.1 for rigid-analytic varieties which can be reduced to a question about algebraic
varieties over finite fields.

Theorem 1.4.2. (Theorem 4.4.4) Let X an admissible formal Og-scheme with smooth generic
fiber X,,. Suppose that each point € X admits a pointed étale morphism (Y, u) — (X, z) such
that i, admits an étale morphism to a closed unit disk DC}(. Then the nearby cycles RUyQy is a
monodromy-pure sheaf of weight 0 (see Definition 2.7.1).

Corollary 1.4.3. A smooth rigid-analytic K-variety X admits a cofinal family of admissible formal
models {X;}ier such that R¥y, Qg is monodromy-pure of weight 0.

Remark 1.4.4. Theorem 1.4.2, in particular, proves that RUyQ, is monodromy-pure of weight 0
for any semi-stable formal Og-scheme. Previously, it was known in the algebraic semi-stable case
by an explicit calculation of the nearby cycles. Our proof is completely different: it is quite soft
and does not require any explicit computations.

If K is a characteristic p local field (so K = F4((T'))), then Theorem 1.4.2 holds for any admissible
formal model of X. This result is essentially due to O. Gabber in the algebraic case. The analytic
case can be easily deduced from this using Elkik’s algebraization (see Theorem 4.2.1).

The proof Theorem 1.4.2 is inspired by Scholze’s proof of Conjecture 1.4.1 for smooth proper
varieties which can be realized as set-theoretic complete intersections in a projective space (see
[Sch12, Theorem 1.14]). We briefly recall the strategy used in [Sch12]. P. Scholze uses the embedding
into a projective space to reduce Conjecture 1.4.1 to an analogous claim for a perfectoid covering
of X, then the tilting equivalence and subtle approximation and algebraization results (this is
where the complete intersection assumption becomes necessary) allows to reduce the question to
the Weight-Monodromy Conjecture in equal characteristic p > 0. This was already proven by
P. Deligne and T.Ito (see [[to05]).

Our idea is somewhat similar: we use the étale morphism X, — D?{ (which is assumed to exist
locally on X) to reduce the original claim for X to an analogous claim for a suitable perfectoid
covering, obtained by pullback from a canonical perfectoid covering of DC}{. Then using the tilting
equivalence and the algebraization and approximation results of Elkik and Gabber-Ramero, we can
eventually reduce to the equi-characteristic version already proven by O. Gabber. In particular, our
proof does not require any explicit computations.

These results suggest the following generalization of the weight-monodromy conjecture.

Conjecture 1.4.5. Let K be a p-adic local field, X a smooth proper rigid-analytic K-variety, and
£ # p a prime number. Suppose that X admits an admissible formal O g-model X with a projective
special fiber X;. Then the eigenvalues of any geometric Frobenius lift on gr{AHi(Xﬁ, Q) are g-Weil
numbers of weight 7 + j for every integers 7, j.

Remark 1.4.6. Conjecture 1.4.5 has no chances to hold for all smooth and proper rigid-analytic
varieties X over K because it is already false for the Hopf surface. However, the condition that X
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admits a formal model with projective reduction is very strong. This condition was first singled
out by Li [LLi20], and Hansen-Li then suggested that it might have consequences in p-adic Hodge
theory, and in particular that it might imply Hodge symmetry [H1.20]. This hope was then dispelled
by some explicit counterexamples constructed by Petrov [Pet21]. However, f-adic cohomology has
rather different formal properties than Hodge cohomology in this setting, and the spaces constructed
by Petrov do satisfy Conjecture 1.4.5.

Question 1.4.7. Let K be a p-adic local field, ¢ # p a prime number, f: X — Y a projective
morphism of finite type k-schemes, and F € DY(X x, n; Q) monodromy pure of weight w. Is
R(f xsn):F € DY xsn; Qg) monodromy-pure of weight w?

Question 1.4.7 together with Corollary 1.4.3 imply both Conjecture 1.4.5 and Conjecture 1.4.1.
In particular, Corollary 1.4.3 allows us to reduce the Weight-Monodromy conjecture to a (probably
very hard) conjecture purely on the special fiber. We hope that this could help to shed some new
insights on the general version of this conjecture.

1.5. Terminology. A non-archimedean field K is a complete rank-1 valued field. A non-archimedean
field K is p-adic if K is a non-archimedean field of mixed characteristic (0,p). A non-archimedean
field K is local if it is discretely valued non-archimedean field with finite residue field. We denote
ring of integers of K by O and its residue field by k.

In this paper, we always write gcgs as a shortcut for quasi-compact quasi-separated. It applies
to adic spaces, formal schemes, and schemes.

A rigid-analytic variety over a non-archimedean field K is a locally finite type adic space over
Spa(K,Ok). An admissible formal Og-scheme is a (topologically) finitely presented flat formal
Ox-scheme. If X is an admissible formal O g-scheme, we denote by X, its adic generic fiber, and by
X its special fiber. Likewise, we denote by DC% its geometric generic fiber, and by Xz its geometric

special fiber. More generally, if X is a rigid-analytic space over K and C = K is a completed
algebraic closure of K, we denote the base change X¢ by X%.

If A is a Grothendieck abelian category, we denote by D(A) its associated co-derived category.
Its homotopy category is denoted by D(A) and it coincides with the usual triangulated derived
category of A.

We denote by T the 2-category of topoi and by T~ its pith, i.e. the (2, 1)-category obtained from
T by removing the non-invertible 2-morphisms (see [LLur22, Tag 00AL]). Likewise, Cat denotes the
2-category of categories and Cat™ denotes its pith.

1.6. Acknowledgements. We learned a lot about product topoi and nearby cycles from Lu-
Zheng’s article [LZ19], and the influence of this paper will hopefully be clear to the reader. We
would like to thank Ko Aoki, Bhargav Bhatt, Sasha Petrov, and Peter Scholze for many fruitful
and inspiring discussions. Both authors gratefully acknowledge funding through the Max Planck
Institute for Mathematics in Bonn, Germany, during the preparation of this work.

2. DELIGNE’S CATEGORY

For the rest of this section, we fix the following notation. We fix a non-archimedean field K with
ring of integers O and residue field & = k(s). In what follows, we denote by G the absolute Galois
group of k£ and by G, the absolute Galois group of K. We also fix a prime number ¢ invertible in
Ok.

We denote by s (resp. 1) the classifying topos of the pro-finite group Gy (resp. Gj), or equiva-
lently the étale topos of Speck (resp. Spec K or Spa(K,Ok)); it consists of discrete sets equipped
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with a continuous action of G (resp. Gy). The natural morphism r: G, — G induces a canonical
morphism of topoi 7: 7 — s. For each g € Gy, we often denote its image r(g) € G simply by g.

We refer to Definition A.1.3 for the definition of Deligne’s topos X x, 7 for a qcgs k-scheme X.
And we refer to Definition B.2.2 for the definition of the “constructible” co-categories D2(X x 4n; Zy)
and D2(X x¢n; Q). Their homotopy categories are denoted by D2(X x¢n; Z¢) and D(X xsn; Qy)
respectively.

2.1. Arithmetic fields. The main goal of this section is to define the notion of an arithmetic field
and verify its main properties. In what follows, we will mostly be interested in Deligne’s category
D(X x4 n;Qy) for an arithmetic field K.

Definition 2.1.1. A non-archimedean field K is arithmetic if there is a local field L with ring of
integers O, and residue field [ such that

(1) there is an isomorphism @: | ~ k;

(2) there is an isomorphism of topological groups ¢ : Gxg =~ G compatible with ¢. More
precisely, the natural diagram

Gx —%5 G4

ltzj lso*

GLLGI

commutes, where 7 and rp, are the natural reduction morphisms and ¢, is an isomorphism
induced by ¢.

Remark 2.1.2. The residue field of any arithmetic field is finite.

We first discuss some examples of arithmetic fields.

Lemma 2.1.3. Let K = F,((7)) be the field of Laurent power series, and I?pe\rf its completed

—

perfection. Then K¢ is an arithmetic field.

Proof. Since the residue field of K is perfect, we conclude that the natural morphism K — .[?pe\rf
induces an isomorphism on residue fields. Therefore, it suffices to show that the natural morphism

is an isomorphism. By the invariance of étale site under universal homeomorphisms, we conclude
that the natural morphism
Gk

perf

— G K
is an equivalence. So it suffices to show that

Gl?p;e\rf — Gerrf

is an isomorphism. Now note that O, is T-adically henselian (as a filtered colimit of T-adically

complete rings). Therefore, it is henselian with respect to its maximal ideal by [Sta21l, Tag 09XJ]

and the observation that rad(7) = mg, . Therefore, [Ber95, Proposition 2.4.3] ensures that
per

Kpert is quasi-complete (in the sense of [Ber95, Definition 2.3.1]). And so [Ber95, Proposition 2.4.1]
implies that the natural morphism

Gl?pe\rf — Gerrf

is an isomorphism. O
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For the next definition, we fix an algebraic closure Q, C Qp and a choice {pl/ pn}n €N of com-
patible p-power roots of p.

Definition 2.1.4. For a finite extension Q, C K, a /P -Kummer extension K C Ko, = K(p'/?™)

is the field K (U%O:lpl/ p”) is the p-adic completion of the field obtained by adding all p-power roots
1/n
pHm

Warning 2.1.5. The definition of K., depends on a choice of an algebraic closure Qp and a
sequence of compatible p-power roots of p.

Lemma 2.1.6. Let Q, C Q, (pl/poo) be a p!/P”-Kummer extension. Then Q, (pl/poo) is an
arithmetic field.

Proof. Firsly, we note that K is a perfectoid in the sense of [Sch12, Definition 1.2]. So essentially the
claim follows from the tilting equivalence (see [Sch12, Theorem 3.7]). For the reader’s convenience,
we spell out the argument in more detail.

Namely, we first use that there is a unique perfectoid field K? of characteristic p with a pseudo-
uniformizer T € K” and an isomorphism

Or/p =~ Ok /T.

This implies that residue field of K and K” are canonically isomorphic, and [Sch12, Theorem 3.7]
implies that Gx =~ G ». Moreover, the proof of [Sch12, Theorem 3.7] ensures that this isomorphism
is compatible with the isomorphism on residue field in the sense of Definition 2.1.1).

Now we claim that K” ~ Fp@perf. Indeed, this follows from the observation that Fp@perf
is a perfectoid field of characteristic p (that is equivalent to being perfect) and a sequence of
isomorphisms

O /p = Zylp/"™ ] /p = By TV e O oo /T

Finally, (the proof of) Lemma 2.1.3 ensures that the natural morphism
F,((T) = K’

induces an isomorphism on residue fields and Galois groups, so G ~ Gp, (1)) and k ~ F), in a
compatible way. OJ

Lemma 2.1.7. Let K be an arithmetic field, and K C K’ a finite separable extension. Then K’
is an arithmetic field.

Proof. By Galois theory, a finite separable extension K C K’ corresponds to a non-empty open
subgroup G’ C Gk. Using the isomorphism Gx ~ Gy, for a local field L, we can transform G’
to a non-empty open subgroup G” C G, that defines a finite extension L C L’. Using that the
isomorphism G ~ G is compatible with an isomorphism of residue field ¢: [ ~ k, we conclude
that the images of G’ and G” coincide in G; under the isomorphism ¢, : Gy ~ G;. Then

GK’ ~ G/ ~ G” ~ GL"

One easily checks that this isomorphism is compatible with an isomorphism on residue fields, so
K’ is arithmetic. O

Lemma 2.1.8. Let Q, C K be a finite extension, and K C K be a pY/P” _Kummer extension.
Then K, is an arithmetic field.
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Proof. Firstly, we note that K (Ugo:lpl/ pn) is sub-algebra of the tensor product
K ®Q, Qp (UZO:1P1/F") .

Therefore, K (U%"lel/ pn) is a finite separable extension of Q, (U;‘f’:lpl/ 7’"). Now (similarly to the

argument used in Lemma 2.1.3) Q, (U2, p'/P") is quasi-complete in the sense of [Ber)5, Definition
2.3.1], and thus [Ber95, Proposition 2.4.1] ensures that

o —

Qp(UpZ p'/7") C Koo
is a finite separable extension. Thus, K is an arithmetic field by Lemma 2.1.7. ]

Remark 2.1.9. The proofs of Lemma 2.1.7 and Lemma 2.1.8 actually show slightly more. For any
finite extension Q, C K, there is a unique pair of a characteristic p local field L and a morphism

a: L — K7,

such that « realizes K go as a completed perfection of L. In what follows, we call L a non-standard
tilt of K and denote it by K.

2.2. Inertia action: the case of a point. For the rest of this section, we fix a non-archimedean
field K of residue characteristic p, and a prime number ¢ # p.

We refer to Definition A.1.3 for the definition of Deligne’s topos X x4 7 for a qcqgs k-scheme X,
and to Definition B.2.2 for the definition of the constructible “derived” categories D2(X x n; Zy),

ch)(X X5 1; Qe).
We recall that, for a finite type k-scheme X and F € D(X x,m; A) for A € {Z/("Z,Z¢, Q;}, we
have a well-defined action

p: I — Autyp (7xF)

discussed in Construction A.1.6 and Construction B.2.1. More generally, for any g € G, with an
image g € G, we have a well-defined automorphism

byt T (n5F) > 15 F
such that these automorphisms satisfy the cocyle condition
Pgh = Pg° g (Pn)

“up to a canonical identification giiz* ~g o 17, We also note that if X = Speck is the base point,
there is an equivalence D%(X;A) ~ D%(n; A), so p extends to a homomorphism

p: Gy — Autp(mF)

The main goal of this and the next sections is to show that, for an arithmetic field K, the inertia

action

p: I — Autq, (7xF)
is always continuous for any F € DE(X xs 1; Q) and an explicitly specified topology on the

automorphism group. Our argument will be somewhat roundabout: we first treat the case X =
Spec k and then deduce the general case from this one.

We start by defining topology on Aut (7:F). We will need the following well-known lemma:
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Lemma 2.2.1. Let X be a finite type k-scheme, ¢ a prime number invertible in k, and F,§ €
DY%(X;Zy). Suppose F =~ lim, F,,, § = lim,, G,, with F,,,G, € D’C’tf(X; Z/("Z). Then the natural
morphism

Homgz,(F,9) — li7rln Homg, /pnz,(Fn, Gn)

is an isomorphism, Homg, (&, 9) is finitely generaed, and the limit topology on Homgz, (F,3) coin-
cides with the ¢-adic topology.

Proof. We start with the first claim. By construction, we have Milnor’s exact sequence computing
Homs in the homotopy category of an (co)-limit of co-categories:

0 — R! lim Exti/lénz(ffn, Sn) — Homg, (F,9) — lim Homg gz (Fn, Gn) — 0.

Now [Full, Theorem 9.5.3] ensures that all groups Exti/lgnz(?d, G,) are finite. So the Mittag-Leffler
criterion implies vanishing of the R!lim term. Now [FK18, Proposition 0.7.2.11] guarantees that
Homgz, (F,9) is finitely generated and the limit topology coincides with the ¢-adic topology. ([l

For the next definition, we fix a finite type k-scheme X.

Definition 2.2.2. For F,§ € D%(X;Z), we topologize Homz, (F, G) via the f-adic topology.
For 7,5 € Db(X; Q) with lattices F ~ Fy[+], § ~ Go[F] with Fo, Go € DE(X; Zy), we topologize

1 )
Homgq, (F,9) = Homz,(Fo, o) [6] ~ colim,, Homz, (Fo, o)

via the colimit topology.

Finally, for F € D%(X; Q) (resp. F € D2(X;Z,)), we topologize

Aut(F) C End(F)
via the subspace topology.
Remark 2.2.3. It is straightforward to check that, for F,G € D%(X;Qy), the topology on
Endq,(7,9)
is independent of a choice of lattices Fy and G.
Corollary 2.2.4. Let F € D%(n; Q). Then the homomorphism
p: Gy — Autq, (m;F)
is continuous.
Proof. By definition, it suffices to show that the composition
Gy — Autq,(1;F) — Endq, (7;F)

is continuous. Now note that since D2(7; Q) = D’ (Qy) the bounded derived category of finite
dimensional (equivalently, coherent) Q-vector spaces, so there are no higher Ext groups. Therefore,

Endq, (75F) ~ @ Endgq, (W: (f}fl (g») :
neN

So it suffices to show p is continuous for F € Dg(n; Qg)@ with respect to the constructible t-structure
on DY(1; Qe).
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To prove this, we choose a lattice F ~ F'[3] with F’ € D’(n; Z;)" and (-torsionfree. In particular,
F ®é£ Z/0"Z lies in Db(n;Z/("Z)° = Shv.(n; Z/¢"Z) for any integer n > 0. By definition of the
topology on Endq, (7iF), it suffices to show that the natural map

G, — Endg, (7:F")
is continuous. Then we write ¥ = lim,, &,, with F,, € Shv.(n; Z/¢"Z). Lemma 2.2.1 ensures that it
suffices to show that each map
Gy — Endg mz (7 )
is continuous for every n > 0. In this case, it suffices to show that there is an open subgroup of G,
that acts trivially on 7} F,.

Now we identify Shv,(n; Z/¢"Z) with Mod%i;;;fzo?Gn} the category of finite (equivalently, coherent)

discrete Z/¢"Z-modules with a continuous Z/¢"Z-linear action of G,. Say J corresponds to

disc,coh
Ve MOdZ/enZ[G,,] .

Continuity of action implies that stabilizer of each point is non-empty open. Thus, the finiteness

assumption implies that there is a non-empty open subgroup U C G that acts trivially on V
finishing the proof. O

2.3. Inertia action: general case. In what follows, we fix a non-archimedean arithmetic field K
of residue characteristic p and a prime number ¢ # p.

The main goal of this section is to prove an analogue of Corollary 2.2.4 for an arbitrary finite
type k-scheme X. Our argument will be somewhat indirect: we first show that the representation
p is quasi-unipotent, and then we deduce that p is continuous.

For this, we will need the structure theory for the Galois groups of an arithmetic field K. To
see this, we note the definition of an arithmetic field K there is a local field L and an isomorphism
G ~ G compatible with an isomorphism of residue field & ~ [. In particular, it also induces
an isomorphism of inertia subgroups Ix ~ I;. Therefore, it suffices to understand the Galois and
inertia groups of a local field K.

In what follows, we denote by P C I the group of wild inertia. The structure of a Galois group
of a local field is well-known: there is a short exact sequence

0-P—oI14 HZp/(l)—>0
p'#p
such that P is pro-p group. We denote by ty: I — Z,(1) the composition of ¢ with the projection
onto the /-factor. We also denote by Py the kernel of t,. We recall that, for any g € G, and h € I,

te(ghg™) = xe(g)te(h),
where x;: G, — Z; is the cyclotomic character of G,.

Remark 2.3.1. Let K be a local field. Then we note that, from the Galois-theoretic point of
view, the morphism ty: I — Zy(1) is a morphism Gal(K*P/K,,) — Gal(Ky/K,;), where K, is
the maximal unramified extension of K, and K, is the (pro)-Kummer extension K, = UK, (7!/¢")
for a choice of a uniformizer 7 € K. In particular, the target (even as an abelian group) of ¢,
is canonically isomorphic to Z,(1) = lim,, e (K) and not to Z,. Of course, these groups are
isomorphic after a choice of a compatible sequence of primitive ¢-power roots of unity (s, but we

do not want to fix this choice.

For the next definition, we fix a finite type k-scheme X and F € D%(X x4 n; Q) .
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Definition 2.3.2. A subgroup I; C I acts unipotenly under an action p: I — Autq, (7% F) if there
is an integer N such that, for every g € I1, p(1 — g)¥ = 0.

An action p: I — Autq, (7% F) is quasi-unipotent if there is an open subgroup I; C I that acts
unipotently.

An action p: I — Autq,(7%F) is strongly quasi-unipotent if it is quasi-unipotent and p(F) is
finite.

Theorem 2.3.3. ([ST68, Proposition on p.515], Grothendieck) Let K be an arithmetic non-
archimedean field, and p: G), = GL(V') a continuous representation of G, on a finite dimensional
Q-vector space V. Then p(F) is a finite group, and there is an open subgroup I; C I that acts
unipotently.

Corollary 2.3.4. Let K be an arithmetic non-archimedean field, X a finite type k-scheme, F €
DY(X xsm;Qp), and p: I — Autq, (7% F) the corresponding action of the inertia group. Then p is
quasi-unipotent.

Proof. Step 0. Reduce to F € DY X x¢n; Qg)Q? for the “standard” t-structure from Corollary B.2.7.
Note that there are only finite number of “cohomology sheaves” H*(F) and mY is t-exact. Therefore,
we conclude that an element g € I acts unipotently on 73 J if and only if it acts unipotently on
each H! (1% F) = 7% (H!(F)) (probably with a different exponent). Therefore, it suffices to show
the claim for F € D%(X x4 1;Qp)".

Step 1. X = Speck. In this case, D%(X x,1; Q)Y = D%(n; Q,)" is the category of constructible
étale Qg-sheaves on Spec K. In this case, it suffices to show that the action of I on F \Sp R 18
quasi-unipotent. This action extends to a continuous action of G, by Corollary 2.2.4, and so the
result follows from Theorem 2.3.3.

Step 2. X = Speck’ for a finite extension k C k'. Consider the morphism f: Speck’ — Speck.
After passing to the algebraic closure, Xz becomes a disjoint union of finite copies of Spec k(3).
Thus, an endomorphism of 7% F is zero if and only if it is zero on f5 .75 3. Therefore, Lemma A.1.11
(and Remark B.1) ensures that it suffices to prove the claim for X’ = Speck and F' = (f xsn).F
that is already covered by Step 1.

Step 3. X is smooth and % F € Db(X5; Q)Y is lisse. For each connected component {Xi},
of X3, we pick a closed point Z; € X; and a closed point z; € X such that Spec k(x;) xj Spec k(3)
contains ;.

Now we use the identification of the category of lisse Qg-sheaves on X; with the category of
continuous 7 (X;, T;)-representations (see [Full, Proposition 10.1.23]) to conclude that an endo-
morphism of 7% J is zero if and only if it is zero on stalks at each Z;. Therefore, we can replace
X with X’ = U, Spec k(x;) and F with its pullback onto X’ x4 n. In this case, the result follows
from Step 2.

Step 4. General case. Suppose X = Ll;c1X; is a finite stratification of X, then an automorphism
of % is unipotent if and only if it is unipotent on each 7%, (CF|(XZ,XS7,)) ~ (1% F) | x5

Now we note that Lemma B.2.9 we can find a stratification of X = LU}*; X such that each Xj ;cq
is smooth” and T X, 5 1s lisse. Therefore, we can replace X with each Xj eq to assume that 75 F
is lisse. Then the result follows from Step 3. g

Remark 2.3.5. We can always pick a normal non-empty open subgroup I; C I such that p|j, is
unipotent. Indeed, pick any such I, then there is an open subgroup G'1 C G, such that G1 NI = I.

3Here we use that the residue field is perfect, so smoothnessof X %.rea implies smoothness of X rea
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Since G is profinite, we can find a smaller open subgroup Gj C G; such that G is normal in G.
Then an open normal subgroup I :— G} NI does the job (it is non-empty because it is of finite
index in I).

Lemma 2.3.6. Let G be a pro-(prime-to-£) group, and M is a finite /*>°-torsion group. Then there
are no non-trivial homomorphisms G — M.

For the applications later in this paper, it is important that we do not make any continuity
assumptions in the formulation of Lemma 2.3.6.

Proof. Since M is a finite group, there is an integer N such that mt" = e for any m € M. Therefore,
it suffices to show that the ¢-power map (—)éN : G — G is bijective™.

Let U; be a basis of open normal finite index subgroups in G, so G = lim G/U; and the order of
|G/U;| is co-prime to ¢ by our assumption on G.

Step 1. (—)ZN: G/U; — G/Uj is bijective for each U;. Since G/Uj is a finite group, it suffices to
show that the map is surjective. Pick an element € G/U;. Since G/U; is finite, there is an integer
d such that 2¢ = e. Since the order of G/U; is coprime with ¢, d is also coprime with £. Therefore,
there are integers a and b such that da + ¢Nb = 1. Therefore, we conclude that

(")

Step 2. (—)ZN: G — G is bijective. Now let © € G be an element, we denote by z; its image in

N

N n
— Vb pdatenh _

x.

G/U;. And let y; be a unique element in G /U; such that ny = x;, its existence follows from Step 1.
By uniquness, if U; C Uj, the the image of y; under the natural projection map G/U; — G/Uj is
equal to y;. Then the sequence {y; };cs defines an element y € G such that yZN = z. O

Corollary 2.3.7. Let K be an arithmetic non-archimedean field, X a finite type k-scheme, and
F € DY%X x5n;Qg). Then p is strongly quasi-unipotent. More precisely, p(P ) = {Id} where
Py =1 NPy and I; C I is an(y) open subgroup such that p|;, is unipotent.

Proof. Corollary 2.3.4 ensures that the action of p is quasi-unipotent. Similarly to the proof of
Corollary 2.2.4, we can reduce to the case F € D%(X x4 n;Z/{"Z) for some integer n. Then, for
any g € Py, we already know that p, is unipotent. So we can write

Pg = 1+¢
for some nilpotent ¢ € Endgpaz (7% F). Therefore, we conclude that
()" =0y =(1+¢)" =1

for large enough m. Now we use that Endg/mz(7%F) is a finite Z/¢"Z-module to conclude that
p(P ) is a finite £>°-torsion group. However, P 4 is pro-(prime-to-¢) group, so there are no (possibly
not continuous) homomorphisms to a finite ¢>°-torsion group by Lemma 2.3.6. Therefore, p(P; )
must be trivial. O

Corollary 2.3.8. Under the assumption of Corollary 2.3.4, p is continuous.

Remark 2.3.9. It is probably true that p is continuous without any assumption on K. However,
our proof uses the structure theory for the Galois group of an arithmetic field that is not available
without this assumption.

4This map is not a group homomorphisms if G is not abelian.
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Proof of Corollary 2.3.8. Let F = lim,, F,, with F,, € D%(X xsn; Z/¢"Z). Similarly to the proof of
Corollary 2.2.4, it sufficesto prove the claim for each F, separately. Thus, we only need to show
that there is a non-empty open subgroup of I that acts trivially on F,,. Corollary 2.3.4 ensures that
there is a non-empty open subgroup I; C I that acts unipotently. Then Corollary 2.3.7 implies
that P, = I1 N Py lies in the kernel of p. Thus the action of p on I; factors through the quotient

Li/Pyy C Z(1).

Any subgroup of Z,(1) is (non-canonically) isomorphic to Z,. So it suffices to show that a finite
index subgroup of the quotient I1/P;, acts trivially. However, it follows formally from the fact
that Endg /pmz (7% F,) is a finite group. O

2.4. Mixed sheaves on Deligne’s topos. In what follows, we fix a non-archimedean arithmetic
field K of residue characteristic p and a prime number £ # p.

The main goal of this section is to define the notion of a mixed object in D2(X x, n; Q) for an
arithmetic field K and a finite type k-scheme X. The main issue is that the standard notion of a
mixed sheaf is only defined for (complexes of) sheaves on a finite type k-scheme, but there is no
canonical functor D8(X xsn; Qs) — D%(X; Q). So it is not entirely formal to extend the standard
definition to D2(X x, n; Q).

A way to overcome this issue is to observe that the Galois group of the residue field Gy is
isomorphic to a free pro-finite group Z (recall that the residue field k is finite by Remark 2.1.2).
So the continuous surjection

r: G, — G
has plenty of continuous sections o: G5 — G, and each such o defines a functor
ot DYUX x4m;Qe) = DY(X;Qy)

by Construction A.1.7 and Remark B.1. Then a natural way to define mixedness is to require a
complex F € D%(X x4n; Q¢) to be mixed after applying the pullback functor o for some continuous
section 0: G5 — G. The main content of this section is to show that this definition is independent
of a choice of .

Remark 2.4.1. It will be crucial for our arguments in the paper to know that mixedness in
D%(X x4n; Q) can be checked after a finite extension K C K’. For this argument, it is crucial to
know that the notion mixedness is independent of a choice of o.

In the next proposition, we are going to use the notion of pure and mixed objects in D%(X; Q)
for a finite type k-scheme X. We refer to [[XWO01, Section I1.12] for an extensive discussion of this
notion. We also refer to [[XWO01, Section I.2] for the notion of punctually pure and mixed objects
in Shv.(X; Q). The proof of the proposition below will use that punctual purity /mixedness can
be defined for a more general notion of Weil sheaves (see [KW01, Convention on p. 8]), we refer to
[KWO1, Section I.1] for an extensive discussion of this notion.

Proposition 2.4.2. Let K be an arithmetic non-archimedean field, X a finite type k-scheme,
o,0': Gy — G, two continuous sections, and F € DY%(X x4m;Qy). Then oxJF € DY%(X; Q) is mixed
of weights < w (in the sense of [IFK88, Definition I11.12.3]) if and only if 0/%F € D2(X;Qy) is
mixed of weights < w.

Proof. Mixedness of weights < w is the condition on cohomology sheaves, so we can assume that F
lies in the heart DY(X x 47; Q,)¥ of the standard t-structure on D2(X x 47; Q) (see Corollary B.2.7).
Then 0% F is mixed of weights < w is equivalent to 0% J being (punctualy) mixed sheaf on X of
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weights < w. Then Lemma B.2.9 implies that there is a stratification X = U} ;X; such that
| X, 1s lisse, mixed of weights < w, and Xj eq is smooth for each i. Since mixed sheaves
of weights < w are preserved by extensions and (j xs 7)1 (see Definition B.3.3) preserves mixed
complexes of weight < w for a locally closed immersion j: Z — X, we can replace X with X 1.q
to assume that 75 J is lisse and X is smooth.

In this case, [Del80, Variante (3.4.9)] implies that there is a functorial (essentially finite) increas-
ing filtration
FilxF C oxF
by lisse Qg-sheaves such that gri;o%J is pure of weight n (or zero).
Let us denote o(F) = ® and ¢/ (F) = ®’ for a geometric Frobenius F' € G, and b: Xz — X the

natural morphism of schemes. We wish to show that o/ "F is also (punctually) mixed sheaf on X
of the same weights as o3 J.

First, we note that b*(0%F) ~ 74 F ~ b*(cy"F). So we can think of b*Fil{yF as subsheaves
of T4 F ~ b*(o’y"F). Secondly, we note that the notion of a (punctually) mixed Q-sheaf on X
depends only on the underlying Weil sheaf. Thus, o’y *F is (punctually) mixed of weights {w;}ier
if and only if the Weil sheaf (7% F, p(®'): F*nix F — 7% ) is punctually mixed of weights {w; }icr.
And, by assumption, the Weil sheaf (7%, p(®): F*n\ F — w5 F) is a (punctually) mixed Weil
sheaf of weights {w; }ier with w; < w.

Claim 1. p(®') induces an isomorphism b*FiliyF — b*FilyF for each integer n. It suffices to
check on closed points of X, so we can assume that X is a point. Then arguing similarly to the
Step 2 (and using that f, preserves local systems of weight d for a finite étale f) in the proof of
Corollary 2.3.4, we can assume that X = Speck. Then D%(X x, n; Q) ~ D%(1n; Q), and so we
can assume that K is a local field since Dé’(n; Q/) depends only on the Galois group G . Thus the
result follows from [Del80, Proposition-definition (1.7.5)].

Claim 2. Weil sheaves (b*FiliyF, p(®'): F*b*griy F — b*gr{y,F) are pure of weight n. Again, the
same reduction as in the proof of Claim 1 reduces the question to the case X = Speck is the base
point. Then the claim follows from [Del80, Lemme (1.7.4)].

Now claims 1 and 2 together imply that the Weil sheaf
(7% F = b ok TF, p(®): F*r5TF — 75 F)
admits an essentially finite filtration by Weil Q-sheaves
(b*F", p(®): F*U*Filly,F — b*FilyF) C (b*0'xF, p(®'): F*nix F — 7% F)

such that each quotient is a pure Weil sheaf of weight n. Since (V*Filiy T, p(®'): F*b*griy T —
b*griyF) is a zero Weil sheaf if and only if (b*F™, p(®): F*b*griy T — b*griyyF) is a zero Weil sheaf,
we conclude that (b*o’\xF, p(®'): F*ri F — 7% F) is a mixed Weil sheaf and its weights coincide
with the weights of (b*0 T, p(®): F*n, F — 75 F) O

Corollary 2.4.3. Let K be an arithmetic non-archimedean field, X a finite type k-scheme,
0,0': Gy — G, two continuous sections, and F € DY(X x, n;Qg). Then o%F € D(X;Qy) is
pure of weight w (resp. mixed of weights > w) if and only if o'%F € DY(X; Q) is pure of weight
w (resp. mixed of weights > w).

Proof. Note that, for every continuous section o: G5 — G, we have an isomorphism

ox (Dxx,y(F)) = Dx (0% F)
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by Remark A.2.7 and Remark B.3.4. Therefore, the claim for mixed complexes of weight > d
follows from Proposition 2.4.2 applied to Dxy ,(JF). The claim for pure complexes of weight w
follows from Proposition 2.4.2 applied to both F and D xx ., (5). O

Definition 2.4.4. An object F € Dlg(X X s1; Qp) is mized of weights < w (resp. mized of weights
> d, resp. pure of weight w) if 0% F € D%(X; Q) is mixed of weights < w (resp. mixed of weights
> d, resp. pure of weight w) for a(ny) choice of a continuous splitting o: G5 — G,,.

Now we discuss that mixedness (resp. purity) of a complex in D%(X x4 n; Q) can be checked
after a (possibly non-finite) extension of arithmetic fields. For an extension of non-archimedean
arithmetic fields K C K’, we denote by &’ residue field of K’, n the classifying topos of the pro-finite
group Gk, and s the classifying topos of the pro-finite group G}.. The diagram

77/ s < Xs’,ét

| |

n > S Xs,ét

commutes up to an equivalence. So we have a natural morphism of topoi
b: Xs/,ét X! 77/ — Xét X 1.

Lemma 2.4.5. Let K C K’ be a (possibly non-algebraic) extension of arithmetic fields, X a finite
type k-scheme, and F € D%(X x,n; Q). Then JF is mixed of weights < w (resp. mixed of weights
> w, resp. pure of weight w) if and only if b*F is mixed of weights < w (resp. mixed of weights
> w, resp. pure of weight w).

Proof. Since the residue fields k& and k' are finite, the extension k& C k' is also finite. Therefore, we
can find an unramified sub-extension K C K” C K’ such that k¥’ = k’. Lemma 2.1.7 implies that
K" is arithmetic, so we treat the case of an unramified and “totally ramified” extensions separately.

Proposition 2.4.2 ensures that we can check mixedness with respect to any continuous section o.
We will crucially use this property in the proof.

Case 1. The extension K C K' is finite unramified Since K C K’ is unramified, we have a
Cartesian square

/
G —— Gy

I

G K - Gk.
So the universal property of a pullback diagram implies that a continuous section o: G — Gg

defines a continuous section ¢’: G — Gg. We consider the natural morphism of étale topos
q: Xy 4 — X¢ to see that we have a canonical isomorphism

g oxF ~ (J&S,)*b*ff
for any F € D2(X x,n; Q). Proposition 2.4.2 (resp. Corollary 2.4.3) ensures that b*F is mixed of
weights < w (resp. mixed of weights > w, resp. pure of weight w) if and only if so is (o' | )*b*F ~
q*o%F. Therefore, it suffices to show that a complex of sheaves is mixed (resp. pure) of prescribed

weights if and only if the same holds after a finite extension of the ground field. This is standard
and can be deduced from [[KWO01, Permanence Property (3) on p.14] by a standard argument.
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Case 2. K C K' is “totally ramified”, i.e. induces an isomorphism on residue field k ~ k'. In
this case, we have a commutative diagram

e

[

G K - Gk
with surjective r and r’. Therefore, we can choose a continuous section ¢’: G, — Ggr. So the
composition

oc=uoo: G, = Gk

is a section of r. Then we see that

o VT~ oh T
Thus the result follows from Proposition 2.4.2 and Corollary 2.4.3. (|

2.5. Monodromy operator. For the rest of the section, we fix a non-archimedean arithmetic field
K (unless it is specified otherwise) of residue characteristic p > 0 and a prime number ¢ # p.

The main goal of this section is to show that any complex F € DIC’(X X s 1; Qp) comes equipped
with a monodromy operator
N:7xF — nxF(-1).
We will construct this operator by adapting Grothendieck’s original construction of the monodromy
operator on cohomology groups of a variety over a p-adic field, using quasi-unipotence of the inertia
action established in Corollary 2.3.4 and Corollary 2.3.7.

Before we start discussing the construction of the monodromy operator, we recall the construction
of the exponent and logarithm morphisms. In what follows, we fix a finite type k-scheme X and a
complex F € Db(X; Q).

For any unipotent operator 1+ ¢ € Autq, (7% ), we define logarithm

o0

k
log(1 + ) = Z(—nkﬂ% € Endg, (74 F)
k=1

that is easily seen to be a nilpotent endomorphism of 75 J. Likewise, for a nilpotent operator
¢ € Endq, (7% J), we define exponent

ok
expt) =1+ Z % € Autq,(7xJ)
k=1 """

that is easily seen to be a unipotent automorphism of 73 J.
Lemma 2.5.1. Let K be a non-archimedean field, and X a finite type k-algebra. Then
exp: Endq, (7% F)™ — Autq, (7*F)™,
log: Autq, (T5%F)"™ — Endq, (r5F)™!
are continuous with respect to topologies defined in Definition 2.2.2, and inverses to each other.
Proof. We note that Endq, (7% J) is a finite Q-algebra by Lemma 2.2.1. Therefore, there is an

integer N such that, for any nilpotent ¢ € Endq, (7%5), @™ = 0. Therefore, one easily sees that
both log and exp are polynomials in ¢ and v respectively, so they are continuous.

Using that all infinite sums in the definition of log and exp boil down to finite sums, one easily
checks that exp(log1+ ¢) = 1+ ¢ and log(exp ) = 1 for any ¢, € Endq, (W}k(?)ml. O
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Lemma 2.5.2. Let K be a non-archimedean arithmetic field, X a finite type k-scheme, F €
DY%(X x5m;Qq), and I; C I is an(y) non-empty open subgroup such that p|7, is unipotent (it exists
by Corollary 2.3.4). Then there is a unique (independent of I;) nilpotent morphism

N:7xF - nxF(—1)
in D%(X3; Q) such that

pg = exp(Nte(g))

for g € I.
Proof. Firstly, we choose some compatible sequence (;n € K of ¢-power roots of unity. It both
trivializes the Galois group Z(1) = Z,; and 7 F(—1) = 75 F. So t,(I1) C Z; is isomorphic to {"Z,
for some integer n. We pick u € I; such that ty(u) = ¢™ for m > n.

Now we note that uniqueness of N is clear because the formula

pu = exp(Ntg(u))
log(pu)

implies that N = =7, It is also independent of I; because for two choices I and I 1, we can find
uw € Iy NI} such that ty(u) = ™ for some large m.

Now we show existence. We pick u € I such that t;(u) = " € Zy. Firstly, we note that the

formula above
i log(pu)

N = n
is independent of a choice of (compatible) trivializations Z,(1) = Z, and 73 (—1) = 75 JF, and so
defines a homomorphism N: 75F — 75 F(—1). Now we wish to show that
pg = exp(Nte(g))

for any g € I;. This formula clearly holds for ¢ = v/ for an integer m. Now Corollary 2.3.8 and
Lemma 2.5.1 imply that

g pg € Autq, (mxF), and
g — exp (Nt (9)) € Autq, (xF)

are two continuous homomorphisms I; — Autq, (7% JF) that are trivial on P;, and coincide on a
dense subgroup
"7 C Il/PLg ~ "7y C 2y~ Zg(l).

Therefore, they coincide everywhere. O

Remark 2.5.3. We could have defined IV to be a nilpotent morphism 75 F — 75 F, but then this
operator would depend on a choice of a trivialization Gal(Ky/Kyy) ~ Z(1) = Zy.

Definition 2.5.4. A monodromy operator of F € D%(X x4 n; E) is a nilpotent morphism
N: 7xF = nxF(-1)
constructed in Lemma 2.5.2.

Remark 2.5.5. In Section 2.7, we show that N descends to a morphism F — F(—1) in D%(X x4
n; Qg) for a perverse F (see Definition 2.6.1). It should be possible to show that N: 7%F —
7% F(—1) descends to an operator N: F — F(—1) for any F € D5(X xsm; Q). However, it seems a
bit difficult to do it rigorously and we will never need this, so we do not discuss this generalization
here.
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Our next goal is to show that the monodromy operator intervenes with the action of the Galois
group via the cyclotomic character x,. But before we do this, we need to recall how to raise to
(-adic power in Endq, (7% F).

Remark 2.5.6. For g € I} and = € Zy, it makes sense to talk about pj € Endq, (7% F). Indeed,
p(I1) with its subspace topology is a pro-£ group by Corollary 2.3.7. Therefore, the homomorphism
ag: Z — p(I1) C Endq, (7xF)

n— p(z)"
is continuous in the ¢-adic topology on Z. So it uniquely extends to a continuous homomorphism
age:Zy— p(I1) C Endg, (7 F) .

We define p(g)* == oy ().

Corollary 2.5.7. Let X be a finite type k-scheme, and F € DX x4 n; Q) with a monodromy
operator N: m4F — 7% F(—1). Then the following diagram

7T T gra(-)
lﬂg lpg ®x; ' (9)
e F —N o mhF(—1)
commutes for every g € G,.

Proof. The result basically follows from the commutativity relations inside the Galois group G),.
We spell out a detailed proof for the convenience of the reader.

We use Remark 2.3.5 to get a non-empty open normal subgroup Iy C G such that p|;, is
unipotent. We pick u € I; and ¢" as in the proof of Lemma 2.5.2.

Step 1. p;l =g (pg-1). Firstly, we note the the formula

Id = p1 = pgg-1 = pg oG (pg—1)
implies that g*(p,-1) is a right inverse to p,. Likewise, the formula
Id=p = Pg—1g = Pg—1 © (F)*(pg)
implies that Id = g*(p,-1) © pg, and so g* (pg_l) is also a left inverse to py.
Step 2. pg oG (py) © p;l = pgug—1- 1t follows from a a sequence of equalities:
Pgug—1 = Pg© G (Pug-1) = pg 0 G (pu) © " (pg—1) = pg 0" (pu) 0 Py
where the last equality uses Step 1.

Step 3. x¢(g)log py = log py, 41 Firstly, we note that gug~—! € I by normality of I1, so log Pgug—1
makes sense. Moreover, Corollary 2.3.7 ensures that p|7, factors through ¢;, so we denote by

p:11/Pr gy — Autq,(7xT)
unique continuous homomorphism such that pp = p o ty(h) for any h € I;. Then
Paug—1 = Plte(gug™")) = pxe(@)te(u)) = plte(w)X*) = p(u)x(®),

where the third equality uses continuity of p (that, in turn, comes from continuity of p established
in Corollary 2.3.8). This formally implies that

10g pgug—1 = log pXt@ = x,(g) log pu,
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where the last equality comes from the continuity of logarithm (see Remark 2.3.1).

Step 4. x¢(9)N = pgo0G*N o p;l The claim follows from a sequence of equalities:

— - _ (logp -
pgogNopglngog < €”u>o’ogl

1 . .
= gapgolog (@ (pu) o py

1

= zalog (py 07" (pu) o py ")

1
= fiﬂ log(pgug_l)

1
= an(g) log p,

= Xe(g)N.
The first equality holds by the construction of N. The second equality is trivial. The third equality
follows from Step 1. The fourth equality follows from Step 2. The fifth equality follows from Step 3.
And the last equality follows from the construction of N. Therefore, we get that
Nopg=x;"(9)pg 0" (N) = (g @ x; ' (9)) " N.
0

2.6. Weight filtration. For the rest of the section, we fix a non-archimedean arithmetic field K
(unless it is specified otherwise) of residue characteristic p > 0 and a prime number ¢ # p.

The main goal of this section is to construct the weight filtration on any mixed perverse sheaf F
on X x4 7. Firstly, we recall the definition of perverse sheaves on Deligne’s topos.

Definition 2.6.1. An object T € D%(X x,n; Qy) is perverse if J lies in the heart of the perverse
t-structure constructed in Lemma B.2.12. We denote by Perv(X xsn; Q) the (abelian) category
of perverse objects in D2(X x,n; Qy).

Remark 2.6.2. Alternatively, an object F € D2(X x4 n; Q) is perverse if and only if 7%F €
D% (X5; Q) is perverse.

In order to construct the weight filtration, it will be convenient to descend the mondoromy
operator N: 75 F — 75 F(—1) to a morphism N: F — F(—1) for a perverse sheaf JF.

We start the section by explaining this descend argument. For any F € Perv(X x4 n; Qy),
Lemma 2.5.2 provides us with a canonical nilpotent operator

N:7xF — 7 F(-1).
Now [KKWO01, Lemma II1.4.3] ensures that
RHomgq, (77, 7xF(~1)) € D=°(Qy),
so Lemma B.2.4 implies that
Homgq, (¥, F(—1)) = Homgq, (r5F, 75 F(—1))%".

Therefore, Corollary 2.5.7 implies that the monodromy operator N is G)-invariant, and so it de-
scends to a nilpotent morphism
N:F — F(-1)
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in the abelian category Perv(X xn; Q). We will often abuse the notation and denote two versions
of N by the same letter.

Definition 2.6.3. A monodromy operator of F € Perv(X x,n; Q) is a nilpotent morphism
N:F — F(-1)
constructed above.
In order to construct the weight filtration, we follow the strategy of [BBD&2, Théreme 5.3.5]. The

crucial missing ingredients is purity of all mixed simple perverse sheaves on X X7, and vanishing
of certain Ext groups between pure objects. We prove both results in this section.

Lemma 2.6.4. Let X be an irreducible smooth finite type k-scheme, and F a simple Qg-local
system on X x4 7 (see Definition B.2.8). Then JF is pure.

Proof. Step 1. Reduce to the case of a trivial inertia action on 753 . Consider a nilpotent mon-
odromy operator N: F — F(—1). Since F is simple, we conclude that F = ker N, so N = 0.
Therefore, Lemma 2.5.2 ensures that the inertia group I acts on 7% J via a finite subquotient I/1I;.
Therefore, there is a finite totally ramified Galois extension K C K’ such that Iy acts trivially on
mxJ. Let us denote by

b: X xsn' — X X471

the natural morphism of Deligne’s topoi. Corollary Corollary 2.4.3 ensures that F is pure if and
only if b*J is pure. Moreover, I+ acts trivially on 73b*F by construction. Thus we would like to
say it suffices to show the claim for 6*F. However, b*F may not be simple anymore, so we cannot
simply replace & with b*F for the purpose of proving that F is pure. To make this reduction work,
we use a version of the Galois descent.

First, wenote that 7 is a slice topos n i for an effective epimorphism hgpec g7 — *. There-
fore, [SGA 4,72, Exp. IV, Proposition 5.11] implies that X x 7’ is a slice topos (X xsn)/q*(hspec )
where ¢: X xg4n — n is the natural projection. In particular, ¢*(hgpec k) — * is an effective epi-
morphism as a pullback of an effective epimorphism.

Now we use that ¢* commutes with finite limits and colimits to deduce that
¢ (Pspec k') X5 ¢ (hspec k) = ¢* (hspec k) X g+ () 4" (hSpec k)
~ q" (hspec K X+ Pspec K')
~ ¢ (UgeGy i NSpec K7)
a I—'gEGK//Kq*(hSpeCK’)~

So q*(hspeck7) — * is a Galois covering with the Galois group G/ k. In particular, for each
g € Gk, there is an equivalence

ci: DUX %513 Qo) = DYUX %13 Qp)

satisfying the cocycle condition. By Galois descent’, we can identify Q-local systems on X X, 7
with Qy-local systems on X x4 1’ equipped with a family of isomorphisms

Vgi T = F
satisfying the cocycle condition.

5Galois descent for Z /0" Z-1ocal system is obvious. The case of Zg-local systems follows by taking a limit. To get
descent for Q-local systems, one uses Lemma B.2.10.
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Now suppose that § C b*F is a simple non-zero sub-local system. Denote by {9;}ics the set of
isomorphism classes of Q-local systems ¢ for all g € Ggr/x. Since b*J is defined over X X7,
we see that each G; is also a sub-local system of b*F. Since § is simple (and so all §; are simple),
we conclude that there is an inclusion

p: PG - b7

el
By construction, this inclusion is Gk, -stable, thus it defines a non-zero inclustion

H—-F

of Qy-local systems on X xs 1. Since F is simple, we conclude that H — F is an isomorphism.
Therefore, w is isomorphism as well. Now we use that, for each i € I, there is g € G/ such that
cg9 ~ G, thus G is pure of weight w if and only if G; is pure of weight w for each ¢ € I. Therefore,
b*F is pure of weight w if and only if G is pure of weight w. So Corollary 2.4.5 ensures that F is
pure of weight w if and only if § is pure of weight. Thus, we can replace K with K’ and F with G
for the purpose of proving that ¥ is pure.

Step 2. Finish the proof. Since the inertia group I acts trivially on &, Corollary B.2.11 guarantees
that F descends to a Qg-local system on X. More precisely, there is a Qy-local system G on X such
that p%§ ~ J, where px: X x4 n — X is the projection morphism. Since py is conservative, we
conclude that § must be a simple Qy-local system on X. In particular, for every continuous section
o: G5 — Gy of the projection r: G, — G, we see that the Qg-local system oc%JF ~ o%p5§ ~ G is
simple and mixed. Thus it is pure by [Del80, Théoreme (3.4.1)(ii) and Variante (3.4.9)]. O

Lemma 2.6.5. Let X be a finite type k-scheme, and F € Perv(X x;n; Q) is a mixed simple
perverse sheaf. Then F is pure.

Proof. By Lemma B.3.8, there is a locally closed subscheme U C X and a simple Qy-local system G
on U such that Uyeq is smooth and F ~ (j xs1)1.(G[dim U]). Since (j X sn)1« preserves pure perverse
sheaves by [BBD82, Corollaire 5.3.2] and Lemma B.3.7(2), it suffices to show that §[dim U] is pure.
This follows from Lemma 2.6.4. ]

Now we discuss the vanishing result for Ext groups. We start with a preliminary lemma on
vanishing of Galois cohomology groups.

Lemma 2.6.6. Let V' be a continuous finite dimensional representation of G). Suppose that the
inertia group I acts trivially on V, and the eigenvalues of the action of the geometric Frobenius
F € G, are g-Weil number of strictly positive weights. Then HS (G, V) = 0 and H. (G, V) = 0.

cont cont

Proof. The H°claim is clear because
Hgont<G777 V) = VG” = VGS =0

because all eigenvalues of F' have strictly positive weights.

Now we discuss the H'-claim. The Hochschild-Serre spectral sequence for an open normal sub-
group I C G, gives us a spectral sequence

Eg’q = H{:)ont(G& Hq (I7 V)) = Hp+l1 (Gm V)

cont cont

So we have a short exact sequence

0 — HL (G, V) = HL (G, V) = HL L (1, V)%

cont cont cont
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We use the isomorphism G ~ Z to identify the first cohomology group H! . (Gs, V) with the
Frobenius coinvariants (V!) . Since the geometric Frobenius acts with positive weights on V, the
same holds for the action of Frobenius on V. Therefore, we conclude that (V) = 0.

We are only left to show that H. . (I, M)% = 0. Note that I fits into a short exact sequence

cont
0—>Pg—>[ti>Zg(1)—>O,

where Py is pro-(prime-to-f)-group. We use the Hoschield-Serre spectral sequence and the fact
that pro-(prime-to-¢) groups have trivial higher continuous cohomology with coefficients in finite
Q-vector spaces to conclude that

Hiont(‘[’ V) = H(I:ont(ZE(l)7 V)
Now the action of I is trivial on V' by assumption. Therefore, the same holds for the Z,(1)-action,

and so
Hl

cont

(I,V) = H. 1t (Zg(1), V) = Homeont (Z(1), V) = V(—1).

cont
Therefore, since Q(—1) is pure of weight 2, the weights of Frobenius action on V(—1) are still
strictly positive. Thus V(—1)% = 0 finishing the proof. O

Lemma 2.6.7. Let X be a finite type k-scheme, F € Perv(X x4 n;Qy) is pure of weight w,
and § € Perv(X x5 1n;Qy) is pure of weight w'. Suppose w < w’, then Homgq,(¥F,9) = 0 and
Extg,(,9) = 0.

Proof. Step 1. The Hom-statement. Firstly, we note that the object
RHom,, q,(F,9) = R(f xs1).R¥Homaq, € DZ(1; Q)

is mixed of weights > w’ — w by Lemma A.1.11(2), Lemma A.1.12, Remark B.3.4, and [BBDS82,
Stabilités 5.1.14]. In particular, action of any lift of Frobenius F' € G, on

Ext), q,(%,9) == H'(RHom,, q,(F,9))
has eigenvalues ¢-Weil numbers of weight > w’ —w > 0 for ¢ > 0. Now Corollary B.2.5 and [KWO01,
Lemma I11.4.3] imply that
Homgq, (¥, 9) = Hom, q, (7, G)n,

Since all eigenvalues of F' acting of Hom, q,(F, ) are g-Weil numbers of strictly positive weights,
we conclude that there are no-nontrivial invariants. Thus Homgq,(F,§) = 0.

Step 2. The Ext!'-claim can be checked after a finite Galois extension K C K'. Let K C
K’ be a finite Galois extension with the Galois group Gk, and b: Xy Xg n — Xs X5 n the

corresponding projection morphism. Then Lemma B.2.4 (or a Galois descent argument as in the
proof of Lemma 2.6.4) implies that

RHomgq, (%, ) ~ R (G, RHomq, (b*F, b*G)).

Since a finite group does not have higher cohomology groups with coefficients in a Qg-vector space,
we conclude that
j ) G
Extq,(,9) ~ Extq, (b"F,0"G)7K'/x.
Therefore, it suffices to prove the result after a finite Galois extension K C K'.

Step 3. Reduce to the case I acts trivially on both 75 3F and 7% G. By Step 1, there are non-trivial
homomorphisms

xF = 1xF(-1)
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and

9 = 7x5(—1).
In particular, the monodromy operators Ng and NNg are zero. Thus, Lemma 2.5.2 implies that there
is a non-empty open subgroup Iy C I that acts trivially on 753 and 7% 3. In particular there is a
finite totally ramified Galois extension K C K’ such that I acts trivially on 7% b*F and 7%b*G.
Therefore, Step 2 guarantees that we can replace K with K’, F with b*F, and § with b*G to assume
that the action of inertia is trivial on both 75 J and 7% G.

Step 4. Finish the proof. Lemma B.2.4 implies that we have an exact sequence
0 = Hiony(Gy, Homy q, (7, §)) — Extq, (F,9) — Ext}, o (F,9).

cont
Since the weights are strictly positive for the F-action on Ext}n Ql(&" ,9), we conclude that
G
EXt}n,Qz(?’ 97 =0.
Therefore, it suffices to show that
Hiont (Gm Hom/n,Qz (?7 9)) =0.
This follows from Lemma 2.6.6. g

Theorem 2.6.8. Let X be a finite type k-scheme, and F € Perv(X x; n; Q) a mixed perverse
sheaf. Then there is a unique functorial increasing weight filtration
FilyF Cc F
such that
(1) each Fil{yJ is a perverse sheaf;
(2) GriyJ is zero or a pure sheaf of weight n;
(3) Fily"F = 0 and FilyyJ = J for a large n > 0.
Furthermore, the weight filtration satisfies the following properties:
(1) any morphism of mixed perverse sheaves f: F — G is strictly compatible with the weight
filtrations, i.e. f(FilyydF) = FilyG N f(F);
(2) for any continuous section o: Gy — G, of the projection r: G, = Gj, there is an equality
of filtrations
oxFilyF = Filyyox 7,
where Filiyo% JF is the weight filtration from [BBD82, Théoreme 5.3.5].

Proof. The proof of [BBD&2, Théreme 5.3.5] (or [[KWO01, Lemma II1.9.3]) adapts to this situation
essentially without any change using the results already obtained in this section. For the convenience
of the reader, we repeat the argument here.

We start with existence of the weight filtration. We note that Perv(X X n) is noetherian and
artinian by Lemma B.2.14. Thus every object is of finite length. We argue by induction on the
length I(F).

If [(F) = 1, then F is a simple perverse sheaf, and so it is pure by Lemma 2.6.5. Thus it
clearly admits a weight filtration. Now suppose that [ = [(F) > 1 and we know existence of a
weight filtration for any mixed perverse sheaf G of length < [. Then we pick any simple perverse
sheaf Fy C &, it is mixed by [BBDS82, Proposition 5.3.1], and so it is pure of some weight w’ by
Lemma 2.6.5. Consider a short exact sequence

0—JF—F5G—0. (2.1)
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Clearly, G is a mixed perverse sheaf of length < [. Therefore, it admits a weight filtration by the
induction hypothesis. We consider two cases:

Step 1. Fil%’_lg = G. Then (2.1) splits by Lemma 2.6.7 (applied to Fy and gri§,§ for w < w’),
so F = Fy® G. In particular, the filtration

FilfyF = Fil{ G for n <w' — 1,

Fil{yF = F for n > w'
does the job.
Step 2. General §. We consider a perverse sheaves §' = Fil%*lg, and 7 = o 1(9) C 7.

Step 1 guarantees that ¥ admits a weight filtration with weights < w’ — 1, and there is a short
exact sequence

0—-F =-F—=9" =0
with §” := G/G’. By construction, §” admits a weight filtration with weights > w’. Therefore, the
filtration
Fil, F = Fill, 7 if n < w' — 1,
Fill,F = o 1 (Fil,8") if n > o'
is a weight filtration on F.
Uniqueness of a weight filtration follows from the Hom-statement in Lemma 2.6.7.

Now note that [BBD&2, Proposition 5.3.1] implies that a subquotient of a perverse pure sheaf of
weight w is pure of weight w. Thus, for any morphism f: F — G of mixed perverse sheaves, both
f(FilyyJ) and Filyy G N f(F) define weight filtrations on f(F). Therefore, they must coincide by the
uniqueness of a weight filtration.

Finally, if 0 : G5 — G, is any continuous section, then 0% FiljyJ is an essentially finite filtration by
mixed perverse sheaves such that w-th graded piece is pure of weight w. Thus it should coincide with
the weight filtration from [BBD82, Théoreme 5.3.5] due to the uniqueness of a weight filtration. O

2.7. Monodromy-pure sheaves on Deligne’s topos. The main goal of this section is to define
the notion of a monodromy-pure object in Dg(X X5 1;Q¢). The motivation behind the definition
is that most interesting mixed objects in D%(X x4 n; Q) are rarely pure (e.g. nearby cycles).
However, one would wish to define some notion in-between pure and mixed sheaves to capture these
interesting examples. This is done via the notion of a monodromy-pure sheaf that is essentially an
axiomatization of monodromy weight conjecture.

For the rest of the section, we fix an arithmetic non-archimedean field K of residue characteristic
p, a prime number ¢ # p, and a finite type k-scheme X.

We refer to Definition 2.6.3 for the definition of a nilpotent operator for an perverse sheaf
F € Perv(X x5m;Qg). By [Del80, (1.6.1)], there is a unique increasing monodromy filtration Filj;F
such that

(1) Fili/[kﬂ-' = 0 and Fil};F = J for a sufficiently large k;
(2) N(Fil§;F) lies in Filf 2F(—1);
(3) N induces an isomorphism on the associated graded pieces
N2 gk 7 = gr FF(—k)
for each k > 0.
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Definition 2.7.1. A mixed perverse sheaf F € Perv(X x;n; Q) is monodromy-pure of weight w
if gri\/l JF is pure of weight k + w for each integer k.

An object F € DX xs1; Q) is monodromy-pure of weight w if PH*(F) is monodromy-pure of
weight w + ¢ for each integer 1.

Remark 2.7.2. Alternatively, one can reformulate Definition 2.7.1 by saying that the weight
filtration coincides with the shifted monodromy filtration.

Now we discuss that mixedness (resp. purity) of a complex in D(X x4 n;Qy) can be checked
after a certain extension of arithmetic fields. For an extension of non-archimedean arithmetic fields
K C K’, we denote by k’ residue field K’, i’ the classifying topos of the pro-finite group Gk, and
s’ the classifying topos of the pro-finite group Gy/. The diagram

! IR Xs’,ét

[

S Xs,ét

3

[ —

commutes up to an equivalence. So we have a natural morphism of topoi
b: Xs’,ét Xt ”I’]I — Xét XsN

Definition 2.7.3. An extension of non-archimedean fields K C L is topologically algebraic if there
is an algebraic extension K C K’ with an isomorphism of topological K-algebras K’ ~ L

Lemma 2.7.4. Let K C K’ be a topologically algebraic extension of arithmetic non-archimedean
fields, X a finite type k-scheme, and F € DIC’(X X5 1; Q). Then F is a monodromy-pure perverse
sheaf of weight w if and only if b*F € D¥(Xy x¢ n'; Q) is a monodromy-pure perverse sheaf of
weigth w.

Proof. 1t is easy to see that F is perverse if and only if b*F is perverse. Lemma 2.4.5 ensures that
J is mixed if and only if b*F is mixed. Now we denote by Iy i (resp. Iy i) be the canonical Z,(1)
quotient of the inertia group Ix (resp. Ix/). Then we note that the natural morphism Gxr — Gg
induces a finite index injection

I&K/ C IZ,K-

Therefore, the uniqueness claim in Lemma 2.5.2 ensures that b* N = N, and so the monodromy
filtration on F pullbacks to the monodromy filtration on b*F (for example, by the uniqueness
property of the monodromy filtration). Therefore, the claim follows from Lemma 2.4.5. O

Lemma 2.7.5. Let K be an arithmetic non-archimedean field, f: X — Y a morphism of finite
type k-schemes, and F € Df:’(X xs1; Q). Then F is a monodromy-pure perverse sheaf of weight w
if and only if R(f x4 )T € D*(Y xs1; Q) is a monodromy-pure perverse sheaf of weigth w.

Proof. Since f is a finite morphism, R(f X 7). is perverse exact. Thus, we conclude that R(f X
n)gri T ~ griR(f x5 1)«F. So it suffices to show that a perverse sheaf § € Perv(X x4 n; Qp)
is pure of weight w if and only if R(f x5 1).G is pure of weight w. After choosing a continuous
splitting o: G5 — Gy, it boils down to an analogous question for perverse sheaves on X, which is
classical and left to the reader. ([l
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3. QUASI—UNIPOTENT MONODROMY THEOREM AND MIXEDNESS OF NEARBY CYCLES

The main goal of this section is to prove the Grothendieck Quasi-Unipotent Monodromy Theorem
for rigid-analytic varieties, and mixedness of the ¢-adic nearby cycles (if residue field is a finite field).

For the rest of the section, we fix a p-adic discretely valued non-archimedean field K with a

uniformizer w € O, a completed algebraic closure C = K, a prime number ¢ # p, and a ring
A= Z/E"Z, Zg, or Qg.

For a finite extension K C L, we denote by k& C [ the induced extension of residue fields. We
also denote by ' = (Spec L)¢ the étale topos Spec L and by s’ = (Specl)g the étale topos Spec!.

We denote the Galois group of K by G, (or G if there is any ambiguity) and the inertia group
by I (or I if there is any ambiguity).

3.1. Nearby cycles of constant sheaves. In this section, we discuss some preliminary results
that we will need in our proof of the Grothendieck Quasi-Unipotent Monodromy Theorem.

Definition 3.1.1. A morphism of admissible formal Og-schemes f: X — %) is rig-surjective if its
generic fiber f,,: X;) — 9, is a surjective morphism of adic spaces.

A rig-surjective site is a site whose underlying category is Admg, is the category of admissible
formal O-schemes, and whose coverings are given by families {f;: X; — X};c; such that I is finite
and |X| = Uierlfi|(|%X])-

A v-site is a site whose underlying category is Adgﬁs is the category of qcgs strongly noetherian
adic spaces over Spa(Qp, Z,), and whose coverings are given by families {f;: X; — X };cs such that
I is finite, f; are of finite type, and | X| = User|fi|(| Xi]).

The first step is to show that any v-hypercovering is of universal cohomological descent. Then
we show that any rigid-analytic space admits a v-hypercovering by rigid-analytic varieties with
especially nice formal models.

We refer the reader to [Con] and [Sta21, Tag 01FX] for an extensive discussion of hypercovers.

Definition 3.1.2. An augmented simplicial object a: Yo — X in Ad‘gjs is of cohomological descent
if the natural morphism
F — Ra.a*™F
is an isomorphism for any F € DT (Xg; A).
An augmented simplicial object a: Yo — X in Ad9® is of universal cohomological descent if, for
every morphism X’ — X in Adgjs, the base change Y, X x X’ — X’ is of cohomological descent.

Lemma 3.1.3. Let a: Y, — X be a v-hypercovering in Adgss. Then a is of cohomological descent,
i.e. the natural morphism

F — Ra,a*F
is an isomorphism for any F € DT (Xg; A).

Proof. We give a proof for A = Z/{"Z, the case of A = Zy or Qy follows formally from this one by
passing to a limit.

Step 1: X = Spa(C, CT) for an algebraically closed field C, and Yy — X is a Cech covering for a
v-covering Y — X. We note that the morphism Y — X admits a section by (the proof of) [Hub96,
Lemma 7.2.3]. Thus C(Y/X) — X is of universal cohomological descent by [Con, Theorem 7.2].

Step 2: Yo — X is a Cech covering for a v-covering Y — X. For any # € X, we denote by
(C(z),C(x)") a Huber pair obtained as a completed algebraic closure of (k(z), k(x)") where k(z) is
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the residue field of X at z. This pair comes with the natural morphism g,: Spa(C(x),C(z)") = X
sending the unique closed point of Spa(C(z),C(z)*") to z € X.

Since each a;: Y; — X is of finite type, [H1ub96, Theorem 4.1.1(c)’] ensures that the formation
of R7a; , commutes with g} for any j > 0. Thus, we can argue as in the proof of [Con, Theorem
7.7] to reduce to the case X = Spa(C(z),C(z)"). This case was already done in Step 1.

Step 3: General v-hypercovering Yo — X. Step 2 and the definition of a v-hypercovering imply
that the natural morphisms
Y11 — coskysky, (Ye/X)
are of universal cohomological descent. Thus, [Con, Theorem 7.15] ensures that cosk,sk, (Ys/X) —

X is of universal cohomological descent. Thus, [Con, Lemma 7.14] implies that Yy — X is of
universal cohomological descent as well. O

Now we show that any admissible formal Og-scheme admits a rig-surjective hypercovering by
strictly semi-stable formal O g-schemes in some weak sense.

Definition 3.1.4. A finitely presented Og-scheme X is called strictly semi-stable if Zariski-locally
it admits an étale morphism

OK[t()v"'vtl]
(ot — )

for some integers m < [, and a uniformizer m € mg \m%{

U — Spec

A formal Og-scheme X is algebraically strictly semi-stable if there a strictly semi-stable Og-
scheme X such that X is isomorphic to the formal w-adic completion of X.

Lemma 3.1.5. Let K be a p-adic non-archimedean discretely valued field, and X an admissible
formal O g-scheme such that X, is of (pure) dimension d. Then there is a finite extension K C K’
and a rig-surjection X' — Xo,, such that X' is an algebraically strictly semi-stable formal O g/-
scheme with X;, of (pure) dimension d.

Proof. Consider the generic fiber X,,. It admits a resolution of singularities
f: X' =X,

by [Tem12, Theorem 5.2.2]. If X is of (pure) dimension d, the same holds for X, and X’. Now f
can be extended to a morphism of formal Og-schemes X' — X by [Bosl4, Lemma 8.4/4] that is
rig-surjective by construction. Note that X’ is of the same dimension as X', and it is pure of that
dimension if X was pure. Therefore, it suffices to prove the question to the situation when X has
smooth generic fiber X,. In this case, the result follows from the proof of [Tem17a, Theorem 3.3.1]
or [Zav21h, Theorem 1.3]. O

Corollary 3.1.6. Let K be a p-adic non-archimedean discretely valued field, X an admissible
formal Og-scheme with generic fiber X,, of (pure) dimension d, and n an integer. Then there is a
finite extension K C L, and a rig-surjective hypercovering a: Xo — Xo, such that, for each ¢ < n,
there is a subfield K C K; C L and algebraically strictly semi-stable formal Og,-scheme 2); such
that 9); 0, ~ X; and 9); are of (pure) dimension d for i < n.

Proof. The proof is similar to that of [Con, Theorem 4.16]. The essential point is to show that every
admissible formal Og-scheme X admits a rig-surjective covering by a strictly semi-stable formal
scheme after a finite extension of O. This was already done in Lemma 3.1.5. 0
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Now suppose that X is an admissible formal Og-scheme. Then Definition A.3.1 produces the
functor

RW¥y: D(X,;A) = D(Xs x5 13 A),
for any admissible simplicial formal Og-scheme X. We extend it to simplicial admissible formal
schemes via the formalism of simplicial topoi from [Sta21, Tag 09WB].

Lemma 3.1.7. Let K C L be a finite extension of non-archimedean fields, and X an algebraically
strictly semi-stable formal O g-scheme. Then
(1) g — 1 acts trivially on WS‘CSRj\I/xoLA for any g € I, and j > 0;

(2) if K is a finite field, R¥x, Qg is mixed of weights < dim X, and > —dim X, (see Defini-
tion 2.4.4).

Proof. By Lemma A.3.4(3), we see that
R‘I’DCOLA ~ b*RUyA
in D(Xg xg 1), where b: Xg ¢ X1 — X4t X1 is the natural morphism of topoi. In particular,
Ty, RUxA = 7y Ry, A

compatible with the Ir-action. Therefore, for the purpose of proving (1), it suffices to prove the
claim for K = L and X an algebraically strictly semi-stable formal Og-scheme. Likewise, for the
purpose of proving (2), we can do same reduction by Lemma 2.4.5.

By definition X is the w-adic completion of a strictly semi-stable O g-scheme X. So we use the
comparison of analytic and algebraic nearby cycles (see Theorem A.4.4) to reduce the question
to showing that, for a strictly semi-stable Of-scheme X, (g — 1) acts trivially on 7% R/ \I/f;égA for
each g € I and 57 > 0, and R\If;gQg is mixed of weights < dim X,, and > —dim X,, (we note
that dim X, = dimX,, as both are equal to dim X). This essentially follows from the explicit
computation of nearby cycles for strictly semi-stable schemes in [Sai03].

Namely, the first part is exactly [Sai03, Proposition 1.1]. For the second part, we note that
[Sai03, Proposition 1.2(2) and Corollary 1.3(1)] imply that Rj\I'F;gQg is mixed of weight < 2j.
This already implies that R‘l’;lngg is mixed. We are only left to show that it is mixed of weights

< dim X,. Now note that R/ \IliégQg = 0 for j > dim X, by the Artin-Grothendieck Vanishing
Theorem (see [Full, Corollary 7.5.2] and its evident extension to Qg-coefficients). Therefore, we

conclude that R\I’Zl—gQg is mixed of weights® less or equal to
max; <w (Rj\lf?;gQg) — j) = dim X,.

Now we note that R¥& commutes with Verdier duality by [I.Z22, Corollary 3.8] (and its evident
extension to the Qg-case). Or, in other words,

RUAEDy, (Qr) = Dix, x.n(RYYEQy).

Since X is regular, we can pass to each connected component separately to assume that X is pure
of dimension d. Then Dy, (Q¢) ~ Q¢(d)[2d] and, therefore,

Dy, ., (RUAEQ)) ~ RUAEQy(d)[2d] < d — 2d +2d = d

6See [FK88, Definition II1.12.3] for the numerology around weights.
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by the established above inequality on weights (see also [[KW01, Remark on p. 131]). Therefore,
RUAEQ, > —d. 0

For the later use, we will also need the following lemma about weights on the étale cohomology
groups of algebraically strictly semi-stable formal O g-schemes:

Lemma 3.1.8. Let K be alocal field, and X an algebraically strictly semi-stable formal O g-scheme
of dimension d. Then, for any g € G, projecting to the geometric Frobenius in G5 and any integer
1 > 0, the eigenvalues of g acting on Hi(X%, Q) are g-Weil numbers of weights > 0.

Proof. Let us denote by the irreducible components of X by D1, ..., D,,. For a non-empty subset
I'c{1,...,m}, we put X := NierD;, we also put

XM = U Xy 1.
Ic{1,...,m},|I|=n+1

We first start with the action of G, on H"(X%, Q). The proof of [Sai03, Corollary 2.8(1), (2)]
and the identification of the cohomology of the nearby cycle and the cohomology of generic fiber
(see Remark A.3.5 and its evident extension to Qg-cohomology) construct a spectral sequence

E?’m = @ Hm_2j(xén+2j)a QK(_.])) = Hn+m(x%7 QZ)
j>max(0,—n)

Therefore, it suffices to show that all eigenvalues of the action of any Frobenius-lift on
—2j (n+25) N (n+27) . .
" <96g" ’ ,Qz(—J)) =H" (xg" ’ ,Qe(—J)[—QJD

are g-Weil number of weights > 0 for any n,m,i. Since x&"“j) is smooth, Q(—j)[—2j] is pure of

weight 0. Therefore, H™ (f)CgHZj), Qg(—j)[—2j]) is mixed of weights > m by Weil conjectures (see
[BBDS2, Stabilités 5.1.14(i%))).
O

Now we discuss some consequences of Lemma 3.1.7.

Lemma 3.1.9. Let K be a discretely valued p-adic non-archimedean field, and X an admissible
formal Og-model. Then

(1) there is a non-empty open subgroup Iy C I (independent of A and ¢ # p) such that, for
each j > 0, there is an integer N; such that (g — 1)"7 acts trivially on Ty RIUyxA for any
gel’

(2) if k is a finite field, RUyQy is mixed.

Proof. Firstly, we note that rigid-analytic Artin-Grothendieck vanishing (see [BM21, Theorem 7.3]
and [Han20, Theorem 1.3]) implies

RIUxA =0
for j > d := dim X;,. Therefore, it suffices to prove the claim for j < d. Both claims can be checked

after a finite extension of K (see Lemma 2.4.5 for mixedness), so Lemma 3.1.5 and Lemma 3.1.7
ensure that we can assume that X admits a rig-surjective hypercovering

a:YPe > X
such that R/ ¥y, Qy is mixed and (g — 1) acts trivially on R Wy A for each g € I, j >0, n < d.
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Now Lemma 3.1.3 implies that
A~ Ram*a;A.
So
RUxA ~ R¥xRay, A ~ R(as x5 n)R¥y,A.
Therefore, we can use the Grothendieck spectral sequence
EY = Ri(as x5 1)«RI Wy, A = RFIUyA.
So it suffices to show that, for each i + j < d,
(1) there is an integer M; ; such that (g — 1)Mis acts trivially on ﬂ';CSRi(as I RA S
(2) each R¥(as x5 1)«R/ Uy, Qg is mixed if k is a finite field.
Now we use [Sta2l, Tag 0D7A] to get a spectral sequence
EP™ = R™(an,s xs 0):RITg, A = R" "™ (a5 x5 )R Uy, A,
where ap: %), — X is the augmentation morphism. Since each a, s is of finite type, [KWOI,
Theorem 1.9.4] and Lemma A.1.11(2) (and Remark B.1) imply that R™(ay,s Xs7)« preserves mixed

complexes and triviality of an action, so it suffices to show that, for each n + j + m < d (both
claims below do not depend on n and m though),

1) there is an integer M,, such that (g — 1)M» acts trivially on 7% R/ Wy A;
Xs Dn

(2) RIUy, Qy is mixed if k is a finite field.
This follows from our assumption on the hypercovering %), — X. O

Corollary 3.1.10. Let K be a discretely valued p-adic non-archimedean field, and X an admissible
formal Ox-model. Then there is a non-empty open subgroup I; C I (independent of A and ¢) such
that, for each j > 0, there is an integer N such that (g — 1)V acts trivially on 7y, RUxA for any
gel.

Proof. We choose I as in Lemma 3.1.10, and denote by N’ := max;—; __q(N;) where d = dim X.
We also set up
N =d- max (N;).
i=1,...,d
Then, for any g € I, (g — 1)V acts trivially on each WS‘Cst\I/xA by the choice of N’ and the
fact that R7WyA = 0 for j > d (see [BM21, Theorem 7.3] and [Han20, Theorem 1.3]). Therefore,
(g — DHN)4 = (g — 1)V acts trivially on Ty RUxA. O

3.2. Nearby cycles of the intersection complex. The main goal of this section is to show a ver-
sion of the Grothendieck’s Local Monodromy Theorem for both (compactly supported) cohomology
and intersection cohomology of a qcgs rigid-analytic variety.

We recall that throughout this section, K denotes a p-adic non-archimedean field, and ¢ a prime
number invertible in Q.

We recall that [BH22, Construction 4.12] defines the notion of an IC-sheaf ICx 5 for any qcgs
rigid-analytic K-space X and a coefficient ring A € {Z/("Z,Q,}. To define ICx 5, we fix an
dense Zariski-open subset U C X such that Ueq is smooth and define ICx p = j1.Qy[dy] where
dy: |Urea| — Z is the dimension function’.

"The dimension function on a smooth rigid-analytic space is locally constant, so it makes sense to shift a complex
by dU.
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Lemma 3.2.1. Let K be a p-adic non-archimedean field, X be a reduced irreducible qcgs rigid-
analytic K-variety of pure dimension d, f: X’ — X be a resolution of singularities that is an
isomorphism on U = X*, and A = Z/{"Z or Q. Then ICx , is one of the simple perverse
subquotients of PR f,(A[d]).

Proof. Let ; be a finite set of all simple perverse subquotients of PR f, (A[d]). By [BI122, Theorem
4.2, Theorem 4.11], each JF; is isomorphic to ji.£[d] for some Zariski locally-closed j: V — X and
a simple locally constant A-sheaf £ on V.

Now we take U C X to be a non-empty Zariski open subset such that f is an isomorphism
over U. Then PRYf,(A[d]) ~ A[d]. So there is a unique F; among simple perverse subquotients of
PRYf,.(A[d]) such that F;|y ~ Ay[d] ~ ICx aly. Now one can argue as in algebraic geometry (see
[KWO01, Corollary II1.5.4]) to show that F; ~ ICx x. O

Lemma 3.2.2. Let K be a p-adic non-archimedean field, f: X’ — X an alteration of smooth
connected finite type K-schemes of pure dimension d. Then Qg x[d] is one of the simple perverse
subquotients of PR f,(Qe x/[d]).

Proof. The proof is essentially identical to that of Lemma 3.2.1. The only new difference is to show
that there is a dense non-empty open U C X such that Qg ¢/[d] is subquotient of (Rf«Qe x/[d])|u-
Any alteration is generically finite by definition. Moreover, f is generically smooth since it is a
morphism of smooth finite type schemes over a characteristic 0 field. Therefore, we can choose U
to be a non-empty open locus where f is finite étale. Therefore, the question is reduced to showing
that Qg x is a subquotient of f,Q x- for a finite étale f: X’ — X. This follows from the existence
of the trace map try: f. Qg x — Qg x since the composition

trf
Qrx — fxQex — Qux

is the multiplication by deg f. O

We use Lemma 3.2.1 to show that the action of inertia on the nearby cycles of the IC-complex
is always quasi-unipotent:

Lemma 3.2.3. Let K be a discretely valued p-adic non-archimedean field, and X an admissible
formal Og-scheme with adic generic fiber X,. Then there is a non-empty open subgroup Iy C I
(independent of A and /) such that there is an integer N such that (g — 1)V acts trivially on
ﬂ&SR\leICXA for any g € I1

Proof. The topological invariance of the étale topos implies that one can replace X by (X, Oy /nil(X))
to assume that X (and, therefore, X) are reduced.

Now we consider the normalization morphism f: 3 — X. Then §,: 2, — X, is finite and
an isomorphism over a Zariski-dense Zariski-open subset V' C X,, by [Con99, Theorem 2.1.2 and
Theorem 2.1.3]. Since f,, is finite, it is both perverse and constructible exact, and so (arguing as in
the proof of Lemma 3.2.1) one sees that

Ian,A ~ Rfm*ICQJmA ~ fﬁv*IC@mA'
Therefore, Lemma A.3.4(1) ensures that
R\I/xImeA ~ Rfs,*R\IIQ)ICQJn,A-

So it suffices to prove the claim for ). In other words, we may and do assume that X is normal. In
this case, Ox(X) is integrally closed in Ox, (X;), so every non-trivial idempotent in Ox, (X)) lives
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in Ox(X). Geometrically, this means that every connected component of X, lifts to a connected
component of X, so it suffices to prove the claim for each connected component separately.

So we may assume that X is normal and connected (and so is irreducible). Then [Teml2,
Theorem 5.2.2] implies that there is a resolution of singularities
f: X' =X,
that is an isomorphism on the (non-empty) smooth locus Xj*. By [Bosl4, Lemma 8.4/4], we can
extend it to a morphism of admissible formal O g-schemes
f: X — X.
Lemma 3.2.1 implies that ICx, A is a subquotient of
PRy« Ald].

Since my RWx . is perverse t-exact by [BI22, Theorem 4.2 and Theorem 4.11] and Lemma A.3.4(1),
we conclude that ﬂ';‘cs RUAICyx A is a subquotient of a perverse sheaf

PHO (% (RUx . RipAld])) = PH? (75 R(Fs x5 n)REpA[d]) .

Corollary 3.1.10 ensures that there is an open subgroup I3 C I and integer N such that, for any
g € I, (g — 1)V acts as zero on 7y RUy Ald]. Therefore, it formally implies that the same holds
for

T, R(fs s m)«RYx Ald] ~ Rfs«my Ry Ald].

And as a consequence, the same holds for the I;-action on
PH (73 Ris o R Qeld]) ~ PH" (%, (RUx Ry Qe[d])) -

Since ngCsR\IfoCx, A is a perverse subquotient of PFHY (7?5“63 (R\Ifx’*Rfm*Qg [d])), we conclude that
the same claim holds for it. ]

Now we discuss mixedness of the nearby cyles of the IC complex. The strategy is essentially
the same as in the proof of Lemma 3.2.3: we use Lemma 3.2.1 to reduce the case of a strictly
semi-stable model that was already established in Lemma 3.1.7:

Lemma 3.2.4. Let K be a p-adic local field, X an admissible formal O g-scheme with generic fiber
X, of dimension d. Then RUxICy, q, is mixed of weights < 2d and > 0.

Proof. Arguing as at the beginning of the proof of Lemma 3.2.3, we can reduce to the case of an
adimssible formal O g-scheme with reduced, irreducible, normal generic fiber X,; of (pure) dimension
d.

Step 1. Smooth X,,. The question is local on X, so we can assume that X = Spf B is affine. Now
we note that [Tem17a, Theorem 3.1.3] (it essentially boils down to [E1k73, Théoreme 7 on page 582
and Remarque 2(c) on p.588] and [Tem08, Proposition 3.3.2]) says that there is a flat, finitely pre-
sented Op-algebra A such that Ax is K-smooth, and the w-adic completion Ais isomorphic to B.
Therefore, using the comparison between analytic and algebraic nearby cycles (see Theorem A.4.4
and Remark B.1), we conclude that it suffices to show that

RUSEQq € DY(Xs x5 77; Qo)

is mixed of weights < 2d and > 0 for a flat finitely presented Og-scheme X with smooth generic
fiber X, of dimension d. By Lemma 2.4.5, it suffices to prove the claim after a finite extension
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of K. Therefore, [dJon96, Theorem 8.2] ensures that, after a finite extension K C L, there is a
generically étale alteration

f X — XOL
such that X' is strictly semi-stable over Op. By Corollary 2.4.3, Lemma A.3.4(3) we can replace K
with L to assume that X admits an alteration by a strictly semistable O g-model. Then Lemma 3.2.2
implies that ICx, @, = Qx,[d] is a subquotient of PO (P{]‘}77>,<(25’X1/7 [d]). Since the (algebraic)
nearby cycles are perverse exact (see Lemma B.2.12 for the definition of the perverse t-structure on
DY%(X, xsm; Q) and [BBDG 18, Appendix] for the proof that R\I@;g is perverse exact), we conclude
that R\I'fj;;gICXmQZ is a subquotient of

PHO(RULER fr,Qe,x [d]) ~ PHO(R(fs %o ) RUFEQ x; [d]),

where the last isomorphism follows from the properness of f. Now [BBDS82, Stabilités 5.1.7 and
Proposition 5.3.1] imply that a perverse subquotient of mixed sheaf of weights < n is mixed of
weight < n. Therefore, it suffices to show that

pJ{O(R(fs Xs n)*R‘P‘?}%QZ,X; d])
is mixed of weights < 2d and > 0. Now [BBD8&2, Théoréme 5.4.1] implies that it suffices to show
that
R(fs Xs U)*R\I’%%Qe,xg [d]

is mixed of weights < 2d and > 0. Now properness of fs and Weil conjectures imply (see [BBDS82,
Stabilités 5.1.14]) that it is sufficient to show that

RUSHQy, x; [d]
is mixed of weight < 2d and > 0. This follows from Lemma 3.1.7 (or, really, from the results from

[Sai03] used in the proof of Lemma 3.1.7).

Step 2. Reduced irreducible X,,. We reduce this to the result of Step 1 using essentially the same
strategy. We only point out the main diffierences. Firstly, we use [Tem12, Theorem 5.2.2] instead
of [dJon96, Theorem 8.2] to find a resolution of singularities

f: X' =X,
that is an isomorphism on the (non-empty) smooth locus X*. By [Bosl4, Lemma 8.4/4], we can
extend it to a morphism of admissible formal O g-schemes

f: X" — X.

Then we use Lemma 3.2.1 in place of Lemma 3.2.2 to ensure that ICx, q, is a subquotient of

pROfn,* QZ [d]

Then we use [BH22, Theorem 4.11] in place of [BBDG18, Appendix] to conclude that RWy is
perverse exact. Finally, we use Step 1 in place of Lemma 3.1.7. The rest of the argument is the
same. g

Lemma 3.2.4 essentially proves the crucial part of the ¢-adic conjecture [BH22, Conjecture
4.15(1)]. Now we discuss the second part of [BH22, Conjecture 4.15(1)] that relates R¥xICx, q,
to chs,Qz'

For the next definition, we fix a p-adic local field K and a finite type k-scheme Y.
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Definition 3.2.5. The IC-sheaf ICy x ,.q, € Perv(Y x5 n;Qg) is the intermediate extension (see
Definition B.3.6)

[Cyxn.Q, = Jix (Quuldul) »
for j: U — Y an open dense subscheme such that U,.q is smooth and dy: U — Z the dimension
function®.
More generally, for an open dense subscheme j: U < Y such that U,eq is smooth and a Qg-local
system £ on U X4 1 (see Definition B.2.8), we define the associated IC-sheaf
ICy (£) = jis (Lldu])
as the intermediate extension of L.

Remark 3.2.6. Lemma B.3.7 implies that ICy, q, is isomorphic to p*ICy,q,, where
prY xXgn— Y

is the natural projection of topoi.
Lemma 3.2.7. Let K be a p-adic local field, Y a finite type k-scheme, U C Y an open dense
subscheme such that Uyeq is smooth, and F € Perv(Y x,n; Q). Suppose that

(1) Fluxen = Qeldu];

(2) 73 F = @, ICy;(L;) for some closed subscheme Y; C Y5 and Qg-local systems £; on Y;.
Then ICy «,,,q, is a direct summand of J.

Proof. In this proof, we will freely use Lemma B.3.7 without any further notice. In particular, we
will freely use that w3 ICy« ,.q, =~ ICy; q,-

We start the proof by noting that the condition |y, = Qe[dy] implies that 3 F|p, = Qeldy].
And thus the second assumption on F can be rewritten as

F= ICYEan @ @ ICZi (LZ)
el
for some closed subscheme Z; C X5\ Us and Qy-local systems £; on Z;.
We start the proof by considering the open immersion j: U — Y and the natural morphisms

PHO (G s ) Tlorwen) 2 F 5 29O R G 3 m), Fluea).
We note that Im(f o a) ~ ICy .y q,, and put § := Im(«). Now we observe that § comes with the
natural surjective morphism
v g — ICYXSTLQZ
induced by S.

Claim. ~ is an isomorphism. It suffices to show after applying 7§- by Lemma A.1.4(3). Now we
note that 73§ is supported on Us, so the composition

Ty (@)

G ——— 13 F 5 PIC (L)
el
is zero, where ¢ is the projection morphism onto €, ;ICz (L;). Therefore, 7y («) induces an
injection
735G <5 ICy. g, C 145

8The dimension function on a smooth finite type k-scheme is locally constant, so it makes sense to shift a complex
by dU.
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Now we use that Homgq,(ICz, (£;),1Cy; q,) = 0 to conclude that 75 (5) restrictted on ICy. q, C
myF induces an isomorphism
B+ ICy; q, = ICy,q, C Ty "H (R (j s 1), Flux.n) -

Therefore, we get a commutative diagram

73§ —— ICy, q,

n;m lﬁl

ICy;.q,
such that oy is injective and 75 (y) is surjective. Thus 73 (7) is an isomorphism, and thus v is an
isomorphism as well.

The isomorphism § ~ ICy«,, q, defines an injective morphism
a: ICyXSer — F.

Now we put H := Im(3). It comes with a natural injection

,y/
ICXXste — K.
An argument dual to the proof of Claim, implies that 7’ is an isomorphism. This gives a surjection
b: F— ICYXsn,Qz'

By construction, boa = IdICXXSV],Q/’ 50 ICx «,5,q, is a direct summand of J. ]

Theorem 3.2.8. Let X be qcgs rigid-analytic variety over a p-adic local field K, and X an ad-
missible formal Ox-scheme with special fiber X of pure dimension d and generic fiber X = X,,.
Then

(1) R¥xICx q, is mixed of weights < 2d and > 0;
(2) ICx,x,n,q, is a direct summand of gr%vR\I/xICXQL, the d-th graded piece of the weight
filtration on R¥yICx q, (see Theorem 2.6.8).
In particular, for any continuous section o: G5 — G, of the natural projection G, — G, ICx, q,
is a direct summand of the d-th graded piece of the weight filtration of o3 RUxICx q,-
Proof. The first claim is already proven in Lemma 3.2.4. Thus Theorem 2.6.8 ensures that it makes
sense to speak about the weight filtration on RUxICy q, .

The topological invariance of the étale topos implies that one can replace X by (X, Oy /nil(X))
to assume that X (and, therefore, X) are reduced. Therefore, we may assume that X is generically
smooth.

In order to show that ICx, « ., q, is a direct summand of gr%vR\I/xIC X,Q, it suffices to show that
gr%vR\I/xIC x,Q, satisfies the assumptions of Lemma 3.2.7.

Step 1. (gr%vR‘I’DCICX,QMDCgmxsn ~ Qgxsmx,pld]. To prove this claim, it suffices to assume that
X is smooth. Then it is enough to show that the natural morphism

Qe x.n = RPxQex,

is an isomorphism if X is smooth over Of. This can be checked after applying 73 functor by
Lemma A.1.4(3), where it follows from the local acyclicity of Qg-cohomology. More precisely, it
suffices to show that the natural morphism

Qrx, — R‘I’xoC Q¢
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is an isomorphism for a smooth formal Og-scheme X. For this, one can either adapt the argument
in [Ber94, Corollary 5.7] to the adic situation, or one can use [Tem17a, Theorem 3.1.3] and Theo-
rem A.4.4 to reduce to the case of algebraic finite type smooth O g-scheme, where this computation
is standard (see [Full, Proposition 9.2.3] and its evident extension to the case of Q-coefficients).

Step 2. gr%vR\IfoC x,Q, 5 a direct sum of IC-sheaves. To prove this, we choose any continuous
section 0: G5 — G, of the projection morphism G, — G. Then we consider the natural projection
morphism

bxi Xg’ét — Xt
The perverse sheaf o7y gr%\,R\I’xIC X,qQ, is pure, thus
bx,ox, griyRUAICx q, ~ 7% _griyRUxICx q,

is a direct sum of IC-sheaves by [KWO01, Theorem I11.10.6 and Corollary I11.5.5]. O

3.3. Global results. The main goal of this section is to derive some global results from the local
results obtained in Section 3.1 and Section 3.2. In particular, we discuss a local monodromy theorem
and (a weak version of) the second part of the ¢-adic conjecture [BH22, Conjecture 4.15(ii)].

Theorem 3.3.1. Let K be a discretely valued p-adic non-archimedean field, £ # p a prime number,
A aring Z/("Z, Zy, or Qp, and X a qcgs rigid-analytic variety over K. Then there is an open
subgroup I; C I and an integer N (both independent of ¢ # p and A) such that, for each g € I,
(g — 1)V acts trivially on

Hi(X%, A), Hf:(X%, A), IHi(X%, A), and IHi(X%, A)
for each integer i.

Proof. We start the proof by choosing an admissible formal O x-scheme X such that X, = X. Then
Remark A.3.5 (and its adic analogue) guarantees that

RF(DC%, A) ~ RI'(X5, A)
and
RFC(DC%, A) ~ RI'.(X5,A)

compatible with the G, -action. The same applies to the cohomology complex of ICx 5. Therefore,
the result follows from Lemma 3.1.9 and Lemma 3.2.3. O

Now we show a more refined version of Theorem 3.3.1 for the action of I on the cohomology
groups HZ(X%; Q). The next theorem will crucially use the formalism of simplicial schmes (and

adic spaces) and their associated simplicial topoi. We refer to [Sta2l, Tag 09VI] (and especially to
[Sta2l, Tag 09WB], [Sta2l, Tag 0D94], and [Sta2l, Tag 0D93]) for the foundational material on
this subject.
Theorem 3.3.2. Let X be a qcgs rigid-analytic variety over a p-adic discretely valued field K,
¢ # p a prime number, and A is a ring Z/("Z, Z;, or Q. Then there is a non-empty open subgroup
Iy C I, independent of ¢ and A, such that, for all g € I1, and all integers i, (g — 1)t =0 on
H'(X=, A).

n
Proof. Since H'(Xz: Qo) = H'(X5; Z¢) [4] and H'(Xz; Z) = lim, H'(X;, Z/("Z), it suffices to prove
the claim for A = Z/(*Z.

Now we note that Hi(X%, Z/0"Z) =0 for i > 2dim X by [Hub96, Corollary 2.8.3]. So it suffices
to prove the claim for 0 < i < 2d.


https://stacks.math.columbia.edu/tag/09VI
https://stacks.math.columbia.edu/tag/09WB
https://stacks.math.columbia.edu/tag/0D94
https://stacks.math.columbia.edu/tag/0D93
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Then Corollary 3.1.6 and Lemma 3.1.7 imply that there is a finite extension K C L and a rig-
surjective hypercovering a: e —+ X, such that, for each g € I, and an integer b, the action of
g—1on W%b’st\ll@bA@bw is trivial for b < dim X,,. Since the statement we are trying to prove
is insensetive to a finite extension of K, we may and do assume that K = L, and so we have a
rig-surjective hypercovering

a:YPY—->X

with the properties as above. Note that the generic fiber a,: 9., — X, is a v-hypercovering, and
so Lemma 3.1.3 ensures that

A— Ram*a;A
is an isomorphism. Therefore, we conclude that
R¥yxA ~ R¥yRa,«A ~ Rag Ry, A.
Applying the functor RI'(X5, —) to this isomorphism, we get a sequence of isomorphisms
RF(DC%, A) ~ RI'(Xs, 7y RUxA)
~ RI'(Xs, 7y, Ras «R¥y, A)
~ RI'(Ye 5, 1, RYy,A)

compatible with the G, -action. Now we use the Grothendieck spectral sequence
By = H' (Dus,my, ROy, A) = HT (2:,0)

to see that it suffices to show that, for any g € I, g — 1 acts trivially

Hi <@.7§7 W%O,SRJ.\II@.A>
for any ¢ + j < 2d. Now this action factors through

' (Das, (9~ 1y, RIUp,A)
so it suffices to show that H (@.’g, (9 — D)7y, SRj\I/@.A) is zero for any i + j < 2d. For this we
use [Sta2l, Tag 09WJ] to get another spectral sequence
B} = H" (Do (9~ D, Ry, A) = B (D, (9~ Dy, BV, A).
So, after all, it suffices to show that
H™ (D5, (9 — Dy, Ry, A) =0

for n +m + j < 2d. Now we conclude that it is actually enough to show that

(9 — )7y, R/ Wy, A =0
for n < 2d and any j > 0. This now follows from our assumption on %), finishing the proof. O

Now we discuss the action of Frobenius on the (compactly supported) cohomology of qcgs rigid-
analytic varieties.

Lemma 3.3.3. Let K be a local p-adic field, £ # p a prime number, and X a qcgs rigid-analytic
variety over K. Then, for any g € G, projecting to the geometric Frobenius in G5 and any integer
i > 0, the eigenvalues of g acting on HZ(X%; Q) are g-Weil numbers of weights > 0.


https://stacks.math.columbia.edu/tag/09WJ
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Proof. Similarly to the proof of Theorem 3.3.2, Corollary 3.1.6 and Lemma 3.1.8 implies that there
is a v-hypercovering

Yo - X
such that, for any g € G, projecting to the geometric Frobenius in GG and any integer i > 0, the
eigenvalues of g acting on HZ(YN’%; Q) are ¢-Weil numbers of weights > 0 for n < 2dim X. Then
we use [Sta2l, Tag 09WJ] to get a spectral sequence

E?’m = Hm (Yn,%’ Qf) — Hn+m ()(%7 Qg) .
to conclude the same for the G-action on 5K (X%, Qg) for i < 2dim X. Now [Hub96, Corollary
2.8.3] implies H (X%, Qg) =0 for i > 2dim X + 1. This finishes the proof. O

Theorem 3.3.4. Let K be a local p-adic field, £ # p a prime number, and X a qcgs rigid-analytic
variety over K. Then

(1) For any g € G, projecting to the geometric Frobenius in G and any integer i > 0, the
eigenvalues of g acting on H’(X%; Q) are g-Weil numbers of weights > 0;

(2) For any g € G, projecting to the geometric Frobenius in G and any integer i > 0, the
eigenvalues of g acting on H’C(X%; Q) are g-Weil numbers;

(3) For any g € G, projecting to the geometric Frobenius in G and any integer ¢ > 0, the
eigenvalues of ¢ acting on IHZ(X%; Q) are g-Weil numbers of weights < 2d + i;

(4) For any g € G, projecting to the geometric Frobenius in G5 and any integer ¢ > 0, the
eigenvalues of g acting on IHl(X%; Q) are g-Weil numbers of weights > i.

Furthermore, if the f-adic Decomposition theorem for rigid-analytic varieties holds (see [BH22,
Conjecture 4.17]), then weights of a Frobenius lift action on IHZ(X%; Q) are > max(0,1).

Proof. (1) follows from Lemma 3.3.3. (2) follows from Lemma 3.1.9, Remark A.3.9 (and its evident
extension to Qy-coefficients), and [BBD&2, Stabilités 5.1.14]. (3) and (4) follow from Lemma 3.2.4,
Remark A.3.9, Remark A.3.5, and [BBD&2, Stabilités 5.1.14].

Now we assume that the f-adic Decomposition theorem holds for a resolution of singularities
f:Y" =Y, then Lemma 3.2.1 and an argument similar to Lemma 3.2.7 imply that ICy.q, is a
direct summand of Rf,Qy[dy]. Thus TH (Y, Q) is a direct summand of H~%(Y”, Q;), so the result
follows from (1). O

4. LOCAL WEIGHT-MONODROMY CONJECTURE

4.1. Overview. Let K be a local field of residue characteristic p, and £ # p a prime number. In
this section, we study the following local analogue of the global weight-monodromy conjecture.

Conjecture 4.1.1. (Local Weight-Monodromy Conjecture) Let X be an admissible formal O g-
scheme with smooth generic fiber X,. Then the nearby cycles R¥xQ, < Db(X, x4 1; Q) are
monodromy-pure of weight zero (see Definition 2.7.1).

Remark 4.1.2. Conjecture 4.1.1 implies that, for any flat finite type Ox-scheme X with smooth
generic fiber X, the nearby cycles R‘I’}l—gQg are monodromy pure of weight 0. Indeed, Theo-

rem A.4.4 implies that R\I/f;ggQg = RV £ Qy, so the algebraic version follows immediately from the
analytic one.


https://stacks.math.columbia.edu/tag/09WJ
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When char K = p, the algebraic case of this conjecture is a classical result of Gabber, and the
rigid analytic case can easily be deduced from this using Elkik’s algebraization theorems. For the
convenience of the reader, we discuss this reduction in the next section.

In the mixed characteristic case, we prove a slightly weakened version of Conjecture 4.1.1. The
essential idea is to use tilting equivalence and the approximation results to reduce the question to
the equicharacteristic p > 0 case treated by Gabber.

4.2. Equi-characteristic case. For the rest of this section, we fix an equicharacteristic p > 0
local field K with ring of integers Ox and residue field k. Non-canonically, K is isomorphic to
F,((T')) for some finite extension F,, C F,. We also fix a prime number ¢ # p.

Lemma 4.2.1. Let X be an admissible formal O g-scheme with smooth generic fiber X;,. Then the
nearby cycles RUyQy € DS(DCS X5 1, Q) are monodromy-pure of weight zero.

Proof. The question is clearly local on X, so we may assume that X = Spf B is a rig-smooth
admissible affine formal O g-scheme. Choose a non-canonical isomorphism Ox ~ F,[[T]] and denote

by O = Fq[T]}(lT) the henselization of Fy[T] at the maximal ideal (T"). Then [Tem17b, Theorem

3.1.3)” that says that an affine rig-smooth formal scheme X can be algebraized to an affine flat
finitely presented Og-scheme Y = Spec A with smooth generic fibre Yx. In other words, there is
an isomorphism A ~ B.

Now a combination of Theorem A.4.4 and [SGA "1%77, Th. finitude, Proposition 3.7] show that

RUyQy ~ R\I/E;/ngg. Therefore, it suffices to prove the result for Y = Spec A over SpecO. In
this case, the result follows from Gabber’s Theorem (see [3393, Theorem 5.1.2]'") and standard
spreading out techniques. O

4.3. A non-standard tilting construction. In this section, we explain a non-standard tilting
construction. This is the essential tool to reduce questions about nearby cycles in mixed charac-
teristic to analogous questions in positive characteristic.

For the rest of this section, we fix a p-adic local field K and a prime number ¢ # p. We denote
by K C K, its p!/?”-Kummer extension (see Definition 2.1.4), and by K” its non-standard tilt
(see Remark 2.1.9) with a fixed morphism a: K’ — K?_ realizing K’ as a completed perfection of
K.

Let Dﬁl( = Spa K(T1,...,Ty) be the usual d-dimensional affinoid ball over K, and similarly for
Koo, K, and K”. Let IN)%oo = Spa K(Tll/poo, e ,T;/poo> be the d-dimensional perfectoid ball, and
similarly for K7 .

~ b ~
We note that [Sch12, Proposition 5.20] ensures that (D‘]i(oo) ~D<, . So [Sch12, Theorem 7.12]

implies that there is a natural equivalence of sites

Bt (Df..) = Bt (Df, ).

9t is formulated under the additional hypothesis that k° is complete. However, the same proof works under the
weaker assumption that k° is henselian.

10The shift by —1 occurs in the formulation of [BB93, Theorem 5.1.2] due to a different normalization of the
nearby cycles.
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On the other hand, [[Tub96, Proposition 2.3.7] implies that the natural morphism of sites'!
Bt (DY, ) - Bt (D)

12

is an equivalence

Construction 4.3.1. We compose the above isomorphisms with the natural morphism of sites
Et (D}i(oo) — Et (DC}(OO) to get a morphism of sites

Et (D%) ~ Et (f)% ) ~ Et (15}200) — Bt (D?(oo)

v: Et (D%) — Et (D;l(oo).

Remark 4.3.2. For an étale morphism f: X — D;l(oo, the pullback ~*(f) € Et (DKb) is denoted
by f2: X* — D‘;(b.

that we denote by

For the rest of the section, we fix a rigid-analytic K-variety X with an étale morphism f: X —
Dd

Definition 4.3.3. The non-standard tilt of (X, f) is the pair (X?, f°) of the rigid-analytic K’-
variety X° and the étale morphism f°: X” — D‘[i(b defined in Remark 4.3.2.

Construction 4.3.4. We apply Construction 4.3.1 to the slice sites to get a natural morphism of
sites

~v: Bt <Xb> — Bt (X).
It induces a morphism of the associated topoi
v: th — X¢t-
Variant 4.3.5. One could instead consider the morphism Et (f);l{w) — Et (D;’z{) in place of the
morphism Et (f);l{m) — Bt (D;l{oo) in the first line of Construction 4.3.1. Then the same approach

would define a morphism of topoi
v th — Xgt
. . 2’ . d
for any adic space X with an étale morphism X — D%..

Construction 4.3.4 is our main tool to approach Conjecture 4.1.1. Namely, the construction of a
non-standard tilting and the proposition below will later allow us to reduce the mixed characteristic
version of Conjecture 4.1.1 to the characteristic p version that was already established in Section 4.2.

Lemma 4.3.6. Let X — Dd be an étale morphism, and let v: X7, ° — X be the morphism of
topoi from Construction 4.3. 4 “Then for A € {Z/0",Zy, Qg} the natural adjunction id — Rry,~*
associated with the adjoint pair (v*, Ry.): D(Xe; A) = D(XZ,; A) is canonically split.

et7

e follow the terminology of StacksProject and use [Sta21, Tag 00X1] for our definition of a morphism of sites.
In particular, the actual functors of the underlying categories go in the opposite direction.

12[H11b!)()‘, Proposition 2.3.7] is formulated on the level of topoi, but it is not hard to see that it reduces to an
equivalence of sites in our situation
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Proof. 1t suffices to treat the case A = Z/¢™; the case A = Zy and A = Qy then follow by a simple
limit argument.

Let F € D(Xeg;A) be any object, and let V' — X be an étale map from some qcgqs V, with
associated étale map V° — X°. It then suffices to split the map
RI(V,F) = RT(V,Ry,y*F) ~ RI(V®,*F)
functorially in F and V. Let V; resp. V be the pullback of V. — X — D}l(oo along the map
Spa Koo (T4, T)/"y - DY _,

resp. along the map f)?(oo — D?(oo. Then the V;’s form an inverse system of qcqs rigid spaces such
that V ~ lim; V; as diamonds. Let 4;: V; — V and 5: V — V be the evident maps. Unwinding the
constructions, we see that
RI(V°,v*F) ~ RD(V,7*F)
~ hocolim RI'(V;, v/ F)
~ hocolim RI'(V, 7; .« F).
By the projection formula, we get v; «v;/F ~ F ®@% v, .7 A functorially in F, so it suffices to split

the map A — 7;.7 A compatibly with varying i. But V; — V is finite flat of constant degree p®,
so the renormalized trace map ﬁtr: Yi«Yi A — A does the job. d

4.4. Mixed characteristic case. For the rest of the section, we fix a p-adic local field K and a
prime number ¢ # p. The main goal of this section is to give a proof of Conjecture 4.1.1 under
some extra assumption on the admissible formal model X.

Before we do this, we need a preliminary lemma.

Lemma 4.4.1. Let X = Spa(A, A™) be a smooth affinoid over K. Then A° is topologically finitely
generated Og-algebra. Furthermore, if A° ®¢, k is reduced, then the natural morphism

A°®p, Ok, = (ADKKoo)°
is an isomorphism. In particular, (A® g K. )° is topologically finitely generated.

Proof. The first claim follows directly from [BGR84, Corollary 6.4/5]. Now suppose that A° ®¢, k
is reduced. Then note that A°®¢ « Ok is a ring of definition in AR Ko with a reduced special
fiber. Thus [Liit16, Proposition 3.4.1] implies that

A°®OKOKOO — (A®KKOO)O
is an isomorphism. O
Remark 4.4.2. The first part of Lemma 4.4.1 holds for any local field K (not necessarily p-adic).

Now we show the first general result in the mixed characteristic case. In the proof below, we
denote the étale topoi of Spec K, Spec K, Spec Kgo, and Spec K by 1, 7)o, n(b)o, and 7” respectively.
We note that the topoi 7, 7, and 1’ are canonically equivalent.

Theorem 4.4.3. Let X = Spa(A, A™) be a smooth K.-affinoid space. Suppose that A° is topo-
logically finitely generated Ok __-algebra and X admits an étale map to an affinoid ball Dﬁl{w. Then

RYyQy € DIC’ (Xs X5 Moo; Qr) is monodromy-pure of weight zero for the canonical admissible formal
Ox-model XX = Spf A°.
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Proof. Firstly, we note that [Zav2la, Corollary D.5] (based on [Achl7, Proposition 6.6.1]) ensures
that X admits a finite étale morphism f, : X — Dgl(oo. This morphism clearly extends to a
morphism

frX =AY,

that is automatically finite by [BGRS84, Theorem 6.4/1(iii)] and the fact that an integral morphism
of topologically finitely generated Ox__-algebras must be finite. We denote the special fiber of f
by fs: Xs — A9,

Now we consider the non-standard tilt fgb c X D;l{b and the morphism of topoi
v X8 — Xe

from Definition 4.3.3 and Construction 4.3.4 respectively. By construction, ff]b is finite étale, so

X" = Spa(B, B") is affine. So f extends to a finite morphism'

f*: x> = Spf B° —>Kg,}(.

We denote its special fiber by f2: X% — A% Now comes the key observation:

Claim: The diagram

f;bvét T Xy
"

X X X X5 Moo
lfﬁxsnb J/fsxsnoo

Al —== A x
commutes (up to an equivalence).

We will prove this claim later, but now we assume the claim and deduce Theorem 4.4.3 from it.
Firstly we note that Lemma 4.3.6 and Claim imply that (fs X5 7e0 )+« R¥xQy canonically splits as a
summand of (fs Xs 7o)« RUxRY:Qp ~ (fz X g nb)*R\be Q.

Since fg is finite, Lemma 2.7.5 ensures that ( fg X g nb)* preserves monodromy-pure perverse
sheaves of weight 0. Therefore, Lemma 4.2.1 implies that (f? x nb)*R\leb Q¢ is monodromy-pure
of weight 0.

We use finiteness of fs to ensure that (fs X 7)so )« reflects monodromy-pure perverse sheaves of
weight 0 (also due to Lemma 2.7.5). Therefore, RUyQy is monodromy-pure of weight 0 because
(fs X 5700 )+ R¥xQy is a direct summand of (f? xsnb)*R\leb Q that was shown to be monodromy-pure
of weight 0.

I3Remark 4.4.2 ensures that B° is topologically finite type and so Spf B° is an admissible formal O y»-scheme.
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Proof of Claim. By the universal property of 2-fiber products, it suffices to show the diagram

b Y
Xop e~ Koot
l)\Xb )\x
X’ Xse
S,ét Svet

lfﬁ fs

Ad i>Ad

$,6t 5,6t

commutes (up to an equivalence).
Step 1. We note that the diagram

b Y
xnb L6t xnoo L€t

I E
D4, —— D%

commutes (up to an equivalence) by construction (see Construction 4.3.4).

Step 2. We note that functoriality of the morphism A implies that the diagram

commutes (up to an equivalence) and the same diagram for X° and f° also commutes (up to an
equivalence).

Step 3. Steps 1, 2 and a standard diagram chase imply that it suffices to show that the diagram

d A d
DKb,ét DKoo,ét
Axd A~
A d
[, [
d =~ d
As,ét As,ét

commutes (up to an equivalence). By construction (see Construction 4.3.1), it boils down to showing
that the diagram

nd ~ nd
Dy & — 7 Dot

| |

d =~ d
As,ét As,ét

commutes (up to an equivalence), where the top arrow is the tilting equivalence. This commutativ-
ity, in turn, follows from the fact that any étale k[T, ..., Ty]-algebra C uniquely lifts to a formally
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étale O, (Tll/poo, . ,le/poo>-algebra Ct (resp. formally étale Ok (Tll/poo, . ,T;/poo>—algebra
C’}?E ) and there is a functorial isomorphism

b
oo [ o) s (i [ i)

O
D

Theorem 4.4.4. Let K be a p-adic local field, and let X be an admissible formal O g-scheme with
smooth generic fiber. Suppose that for each point 2z € X there is an étale morphism (4, u) — (X, x)
of pointed formal schemes such that i, admits an étale morphism to DC}{. Then the nearby cycles
RUyQ, € D5(X. x4 1, Q) are monodromy-pure of weight zero.

Proof. Firstly, we note that the claim is étale local on X, so we may assume that X = Spf A7 is
affine and its generic fiber X = X, admits an étale map to a disc D%

Lemma 2.7.4 and Lemma A.3.4(2) (and its evident extension to the case of Qg-coefficients) imply
that it suffices to show that R\I/xOL Q after any finite extension K C L. Now the Reduced Fiber

Theorem (see [Liit16, Theorem 3.4.2]) ensures that there is a finite extension K C L (with a finite
extension k C [ of residue fields) such that B = (A*[ |®xL)° has a reduced special fiber and the

map A*(EAQOKOL — B is finite. We denote the étale topos of Spec L by 1’ and of Specl by s’. Then
we the 2-commutative diagram

Spr 1 Xt T]

XLet—>3C/><s"7

implies that R‘l’XoL Qv > (fe X 1')«R¥spt BQy, so Lemma 2.7.5 ensures that it suffices to prove

the claim for X = Spf B and K = L. Therefore, we may and do assume that X = Spa(4, A1) is
an affinoid with an étale map to a disc and X = Spf A° with reduced special fiber.

We use Lemma 2.7.4 and Lemma A.3.4(2) (and its evident extension to the case of Q-coefficients)
again to say that it suffices to show that

R\I’JCOKOO QZ € ch)(xs Xs noo;QE)

is monodromy-pure of weight 0. Now Lemma 4.4.1 guarantees that Xo, =~ Spf (AR K Ks)°, s0
Theorem 4.4.3 implies that R\I/xOK Q¢ is monodromy-pure of weight 0 finishing the proof. U

Corollary 4.4.5. Let K be a p-adic local field, and X a smooth rigid-analytic K-variety. Then X
admits a cofinal family of admissible formal models {X;};c; such that R¥y, Qg is monodromy-pure
of weight 0 for each ¢ € I.

Proof. Tt follows directly from Theorem 4.4.4 and [BLR95, Proposition 3.7]. O

5. CONJECTURES AND QUESTIONS

In this section, we mention some conjectures and questions about ¢-adic cohomology groups of
p-adic rigid-analytic varieties.
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Conjecture 5.1. (Weights) Let K be a p-adic local field, X a quasi-compact and quasi-separated
rigid-analytic K-variety, and ¢ # p a prime number. Then

(1) For any g € G, projecting to the geometric Frobenius in Gy and any integer ¢ > 0, the
eigenvalues of g acting on IHZ(X%; Q) are g-Weil numbers of weights < 2i + d;

(2) For any g € G, projecting to the geometric Frobenius in G and any integer ¢ > 0, the
eigenvalues of g acting on IHZ(X%; Q) are g-Weil numbers of weights > 0.

In particular, if X is smooth and proper, the eigenvalues of any geometric Frobenius lift on
Hz(Xﬁ, Q) are > 0 and < 2i.

Remark 5.2. If X is smooth, proper, and algebraic. Then one can show that the eigenvalues of
any geometric Frobenius lift on HZ(Xﬁ, Q) are > 0 and < 2i. Indeed, one can first reduce to the

strictly semi-stable case by de using de Jong’s alterations. Then the result follows from [Sai03,
Lemma 3.7(i)].

Conjecture 5.3. (Exponent of Unipotency) Let K be a p-adic discretely valued field, X a quasi-
compact and quasi-separated rigid-analytic K-variety, ¢ # p a prime, and A € {Z/("Z,Z;, Q,}.
Then there is an open subgroup I; C I (independent of ¢ and A) such that, for all g € I} and

i €N, (g— 1) =0 on Hi, (X5, M), IH%:)d(X%’A)'

Remark 5.4. In the algebraic case, Conjecture 5.1 is known for H®* and H? due to Gabber and Illusie
(see [I1121, Theorem 2.3]). It is also know for IH®* (X7, Q) and TH? (X7, Q) in the algebraic situation
by reducing to the smooth case via the Decomposition theorem (see [I1121, Remark 2.5]'*). The
Z/0"Z and Z, versions for the intersection cohomology seem to be unknown even in the algebraic
case.

Now we discuss a possible approach to reducing the Weight-Monodromy Conjecture from Theo-
rem 4.4.4. The natural question to ask is how the notion of monodromy pure complexes interacts
with 6-functors. It is tempting to ask whether R(f x5 1), preserves monodromy-pure complexes
of weight w for a proper morphism f: X — Y of k-schemes. However, this cannot be true in this
generality as the following example shows:

Example 5.5. Let X be a Hopf surface over K, X an admissible formal O i-model of X as in Theo-
rem 4.4.4, and fs: Xy — Speck the structure morphism. If R(fs xs 1)« preserves monodromy-pure
complexes of weight 0, then H’(X%, Q) satisfies the weight-monodromy conjecture (see Conjec-

ture 1.4.1). However, this is already false for Hl(X%, Qo).

A special feature of Hopf surfaces is that they never admit an admissible formal model with
projective special fiber (see [HL.20, Theorem 1.2 and Example 5.2]). Therefore, it still makes sense
to ask if R(f x5 n)s« preserves monodromy-pure complexes of weight w for projective f.

Question 5.6. Let K be a p-adic local field, £ # p a prime number, f: X — Y a projective
morphism of finite type k-schemes, and F € Dg(X X5 1; Qp) monodromy pure of weight w. Is
R(f xs1)+F € DY x4 n; Q) monodromy-pure of weight w?

Remark 5.7. A positive answer to Question 5.6 would imply that Theorem 4.4.4 holds for every
admissible formal Og-model X of a smooth qcgs rigid-analytic K-variety X. More importantly, it
would imply that the Weight-Monodromy Conjecture holds for any smooth, proper rigid-analytic
varieties with a projective reduction.

MNote that [11121] uses a different normalization for the intersection cohomology. So the shift by d in Conjecture 5.3
does not appear in [[1121].
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Conjecture 5.8. Let K be a p-adic local field, X a smooth qcgs rigid-analytic K-variety, and
£ # p a prime number. Suppose that X admits an admissible formal O g-model X with a projective
special fiber X,. Then the eigenvalues of any geometric Frobenius lift on gr{AHi(X%, Q) are g-Weil
numbers of weight ¢ + j for every integers 1, j.
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APPENDIX
APPENDIX A. DELIGNE’S CATEGORY AND NEARBY CYCLES

Let K be a non-archimedean field with a ring of integers Ox and residue field & = k(s). Let
X Dbe a finite type k-scheme. The main goal of this Appendix is to recall the construction and
basic properties of the category of “sheaves on Xz with a continuous action of Gi”. The results
of this Appendix are well-known to experts, but are not always easy to extract from the literature.
However, we do not usually give full proofs in this section, and only give references to other papers.
For the most part, we follow [SGAT7,], [[LO14], and [LZ19].

For the rest of this section, we fix a non-archimedean field K with ring of integers O and residue
field k = k(s). In what follows, we denote by G, the absolute Galois group of k and by G, the
absolute Galois group of K.

We denote by s (resp. 7) the classifying topos of the pro-finite group G (resp. G), or equiv-
alently the étale topos of Speck (resp. Spec K or Spa(K,Og)); it consists of discrete sets with
equipped with a continuous action of G (resp. Gy). The natural morphism r: G, — G, induces
a canonical morphism of topoi 7: 7 — s. For each g € G,, we often denote its image r(g) € G,

simply by g.
For a finite type k-scheme, we will freely abuse the notation and denote by Xz both X7 and Xjse.
It should not cause any confusion because the associated étale topoi are canonically equivalent.

A.1. Definition of Deligne’s topos. The main goal of this section is to formalize the notion of
a sheaf on X3 with a “continuous” action of Gg. More precisely, let X be a qcgs k-scheme; by
functoriality X5 admits the natural right action of G, and so the natural action of G, through the
quotient 7: G, — G,. In particular, for each g € G, there is an automorphism

g: Xg — Xg.
This induces the morphism of étale topoi g: X5¢ — X3¢, and so the pullback functors
g* : Shv (Xg,ét) — Shv (X§7ét) .

This data defines a right action of G, on Xy, and so pullbacks define a left action of G,. In
particular, these pullbacks come with the identifications g* o B~ (gh)*.

Definition A.1.1. An action of G, on an étale sheaf F on X5 is family of isomorphisms
pg: G F = F (g € Gy)

such that p. = Id and the diagram
liso lpg
(gh)" (F) 2L g

commutes for any g,h € G,.

We denote by Sg, (X5) the category of G.)-sheaves on X5. Concretely, the objects of this category
are pairs (F, p) of an étale Xz-sheaf F equipped with an action p of Gy, and morphisms (&, p) —
(9,p') are morphisms between F — G that intertwine the G,-actions.
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Now we wish to define continuous G)-actions in this context. Let k& C &k’ be a finite extension,
we denote by G, ;s to be the pre-image 7' (Gy/) C G,. Now let (F,p) be a G,-sheaf on X5. Then
we note, for a finite Galois extension k C k' and an étale morphism U’ — Y}/, the action p defines
an (honest) action of the group Gy on F(U' xy;, Ys).

Definition A.1.2. A G,-action on an étale sheaf 3 on X5 is continuous if, for every finite Galois
extension k C & and an étale morphism U’ — Y}, the associated action of Gy on F(U' xv,, Y3)
is continuous with respect to the discrete topology on F(U’ xy,, Y3).

We denote by Tg, (Xs) the full subcategory of Sg,(X5) that consists of G-sheaves with a
continuous action.

This definition is rather concrete. However, it is also helpful to consider another (more abstract)
equivalent definition. For this, we recall that the 2-category of topoi T admits all 2-fiber products
by [Gir72, Proposition (3.4)] (also, see [[LO14, Exp. XI, Théoreme 3.2] for an explicit site-theoretic
construction). The construction of this 2-fiber product is not obvious, and in particular we warn
the reader that this fiber product does not commute with the forgetful functor T — Cats from the
2-category of topoi to the 2-category of categories.

We now apply this construction in our case of interest. Namely, let X be a qcqgs k-scheme. The
structure morphism X — Speck defines a morphism of étale topoi X¢ — s, while the continuous
morphism r: G, — G defines a morphism of classifying topoi  — s.

Definition A.1.3. Deligne’s Topos X X1 is the 2-fiber product Xg x5 7.

Now we choose a point'® pn: 7 — n (that is unique up to a (non-unique) isomorphism by [Sta21,
Tag 04HU]), and a point ps: § — s, and an equivalence ¢: 7 ~ 3 such that the diagram

n
Lp , (A1)

commutes'®. In what follows, for a topos T, we denote by Points(7) = Mapq(pt,T') the category
of points of T'. We can now formulate the main properties of X x4 n:

Lemma A.1.4. Let X be a qcgs k-scheme. Then
(1) there is an equivalence (X Xxgn) X, 7 ~ Xz 4;
(2) there is an equivalence X xsn ~ Tg,(X5) such that the under the natural projection

morphism (that comes from (1)) mx: X5 — X X n the pullback functor 7% is identified
with the forgetful functor Tg, (X5) — Xzt

(3) % induces an essentially surjective functor Points(X x4 7n) — Points(X5). In particular,
for every ring A, the natural morphism D(X x4 n; A) — D(X5; A) is conservative.

Proof. (1) We note that (X x,n) x, 7 ~ Xg X4 7. Using the diagram (A.1), we conclude that it
suffices to show that X¢ X5 ~ X5¢. By the universal property of 2-fiber products, there is a
natural morphism
Xser — Xgp X8
that we need to show to be an equivalence.
15 point of a topos T is morphism of topoi pt — T'.

16Geometrically, this choice corresponds to a choice of an algebraic closure K of K together with an identification
of the residue field of K with an algebraic closure of k.
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For a finite Galois extension k C k' C k, we denote by s’ the étale topos of Spec k’ and by X
the fiber product (of schemes) X xj Speck’. Then [Mor08, Lemma 8.3] ensures that

and
XE,ét = Illcf% Xs’,éta

where the (cofiltered) limit is taken in the 2-category of topoi, and is taken over all finite étale
extensions of k inside k. Since cofiltered 2-limits commute with 2-fiber products, it suffices to show
that

Xs’,ét — Xét Xs 3/
is an equivalence of topoi. This follows from [SGA 4,72, Exp. IV, Proposition 5.11].

(2) This is [SGAT,, Exp. XII, Construction 1.2.4] (and the discussion after this construction).
Unfortunately, the discussion in SGA is pretty terse, so we also refer to [F'M12, Theorem 3.1] for a
proof of a similar result that can be adapted to this situation.

(3) By the universal property of 2-fiber products, we see that Points(X x s1) >~ Points(X ) X pgints(s)
Points(n) where the fiber product is understood to be the 2-fiber product in the 2-category of
categories. Then it suffices to show that Points(n) — Points(s) is essentially surjective. This

follows from the fact that both categories contain only 1 isomorphism class of objects (see [Sta2l,
Tag 04HU]). g

Recall that every element g € G, induces a morphism of étale topoi g: X5« — X5 ¢4 induced by
the (right) action of G, on X5 (through the quotient G, — Gj).

Construction A.1.5. Lemma A.1.4 (1, 2) implies that there is a natural morphism of topoi
mx: Xze¢ — X Xg1m such that, for each g € Gy, there is an isomorphism ,: mx ~ mx og such that
1 = Id and the diagram

TX L Tx OoQg
\ngh \L"Ph‘)g
TX ogih % X oﬁog
commutes for every g,h € G,.

We note that mx is natural in X, in the sense that for any morphism X — Y of qcgs k-schemes,
the diagram

Xseo — Yset
sl
X Xgn ——Y X417
commutes up to canonical 2-isomorphism.

Construction A.1.6. Now we note that, for every ring A, there is a strictly unitary functor (in
the sense of [Lur22, Tag 008K] and [Lur22, Tag 008R] )
D(—;A)*: T — Cat

from the 2-category of topoi to the 2-category of categories that sends a topos T to the derived
category D(T; A) and a morphism of topoi f: T — T” to the pullback functor f* . In particular, for
every integer n > 1, a qcgs k-scheme X, and a sheaf F € D(X xn;Z/0"Z), we pass to pullbacks
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in Construction A.1.5 to get a family of isomorphisms p,: g*7xF — 7% F such that p. = Id and
the diagram

g s L0 gene g

liso Jpg
(gh" )i F 28 v F
commutes for every g,h € G,. By restricting to the inertia subgroup I C G, we get a homomor-
phism
p: I — Autg mz(mxF)
for any F € D(X xsn;Z/("Z).

Construction A.1.7. Suppose o: G5 — G, is a continuous section of the projection morphism
r: G — G, so o defines a morphism of topoi o: s — 7. The universal property of 2-fiber products
imply that this defines an essentially unique morphism of topoi

ox: Xe = X X5

In particular, for each prime number ¢ and an integer n > 1, we have the well-defined pullback
functor

ox: D(X xsn; Z/0"ZL) — D(X,Z/I"Z).

Construction A.1.8. For any X be a qcgs k-scheme, Deligne’s topos X Xg n comes with the
natural canonical projection px: X xgn — X. In particular, for any prime number ¢ and an
integer n, there is a canonical pullback functor

px: D(X;Z/0"Z) — D(X xsn;,Z/"Z).

Lemma A.1.9. Let X be a qcgs k-scheme, £ a prime number, and n an positive integer. Suppose
that F € Shv(X x4 n;Z/¢"Z) such that the inertia action I on w3 J is trivial. Then the natural
morphism

F = pxpxF
is an isomorphism. Furthermore, if & is in addition locally constant with finite rank free stalks,
then px .J is also locally constant with finite rank free stalks.

Proof. We note that [Full, Proposition 9.2.1] identifies Shv(X;Z/¢"Z) with sheaves of Z/{"Z-
modules on X5 with a continuous Gs-action. Then px . corresponds to the functor of I-invariants,
and p% to the functor that sends a sheaf on X5 with a continuous Gy to the same sheaf with a
continuous action of G, through the quotient G, — G,. Under these identifications, it becomes
clear that the natural morphism

F = pxpxF
is an isomorphism if I acts trivially on 75 J.

Now we assume that F is locally constant with finite free stalks, and consider the natural pro-
jection morphism cy: X5¢ — X¢. Using that cx = mx opx and F ~ p%px.JF, we conclude
that

xpxF = mxpxpxF = 7xF
is locally constant with finite free stalks. Thus the same holds for px .J. O

Now we wish to discuss the various functors on the Deligne’s topos X x4 n for a qcqs k-scheme
X.
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Definition A.1.10. For a finite type k-scheme X, an object F € D(Xgxsn, Z/l"Z) is constructible
of finite tor dimensionif 73 F € Dgtf(Xg; Z/("Z). We denote this category by Dgtf (Xsxsm; Z/Z).

Lemma A.1.11. Let f: X — Y be a morphism of qcgs k-schemes, ¢ a prime number, and n > 1
a positive integer. Suppose that Rfs.: D(Xs Z/("Z) — D(X5;Z/("Z) is of finite cohomological
dimension'”. Then

(1) the diagram
DX xym;Z/0Z) —s D(Xs: Z/I"Z)
lR( FXsm)« lng,*
DY x, 1,Z/0"Z) s D(Ys: Z/0Z),
commutes (up to a canonical isomorphism);
(2) the diagram
DX x5 1 Z)0"Z) —25s D(X;Z/0"Z)
lR(f X s1) lRf*
DY xym:Z/0"Z) —2 D(Y:Z/0"Z).
commutes (up to a canonical isomorphism) for every continuous section o: Gy — Gy;
(3) the diagram
D(X;Z/0Z) 5 DX x, 1 Z/0"Z)
lRf* lR( Fxa)e
DY Z/Z) 255 DY x4 n; Z/0"Z).
commutes (up to a canonical isomorphism);
(4) The natural morphism
cgnm: RO Xs1)e(F) @F jgng, LIZ = R(f X5 1) (T ©7)nz, Z/0"Z)

is an isomorphism for any F € D(X xsn;Z/¢"Z) and n > m;
(5) If f is a morphism of finite type k-schemes and /¢ is invertible in k, R(f X 1), carries
DY 1 (X x5, Z/0"Z) to DYy (Y x5 1y Z/0"Z).

Proof. (1), (2), and (3) can be seen explicitly using the explicit site-theoretic construction of 2-fiber
products from [[LO14, Exp. XI, 3.1]. Alternatively, they follow directly from [L.Z19, Lemma 1.3,
Proposition 1.17, and Remark 1.18].

(4) follows directly from [L.Z19, Corollary 1.20].
(5) We note that (1) implies that it suffices to show analogous claim for R fs . which is standard
(see [Full, Theorem 9.5.2]). O

In what follows, we will need to be able to compute the Hom spaces in Deligne’s topos. We now
discuss some general results in this direction.

17This condition is automatic if X and Y are finite type over k by [Full, Corollary 7.5.6].
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Lemma A.1.12. Let X be a finite type k-scheme, ¢ a prime number, and F,§ € Dgtf(X X g
n; Z/0"Z) for some integer n > 1. Then the natural morphisms

W}R%Omz/gnz(?, 9) — R:H:Omz/gnz(ﬁ}gr, 7(3}9), <A2)
J}RfHomz/an(fﬂ 9) — Rf]{omz/gnz(ak?, 0}9) (Ag)

are isomorphisms for any continuous section G5 — G, of the projection morphism r: G, — Gs.
Similarly, if F,G € Dgt f(X ;Z/0"Z), then the natural morphism
pxRHomzmz(F,9) = RHomz mz(pXxF, px9) (A.4)

Proof. We first apply [L.Z19, Lemma 1.29] to the weakly étale morphism f = Spec K — Spec K
to conclude that (A.2) is an isomorphism if both F and § have constructible cohomology sheaves
in the sense of [LZ19] (see the discussion after [L.Z19, Corollary 1.26] for a precise definition). By
[LZ19, Lemma 1.28] (and noting that G, — G is already surjective), it suffices to show that a
sheaf F € Shv(X x4n; Z/¢"Z) is noetherian if 75 J is constructible. By Lemma A.1.4 (3), it suffices
to show that 7% J is noetherian. This, in turn, follows from [Sta21, Tag 09Y V].

Before we discuss other isomorphisms, we note that the same proof applied to the morphism
Spec k — Spec k shows that the natural morphism

cxRHomg mz(F,9) — RHomg mz(cx T, cx9) (A.5)
is an isomorphism, where cx : X3¢ — Xg; is the natural projection, and J,§ € Dgtf(X; Z/0"Z).

Now we show that the fact that (A.3) is an isomorphism follows formally from the established
above facts. To see this, we note that c% is conservative, so it suffices to show that the morphism

oxRHomzmz(F,5) — RHomzmz(oxTF,0% ), (A.6)

is an isomorphism after applying c%. Then the result follows from the fact that (A.2) and (A.5)
are isomorphism. Similarly, one can show that (A.4) is an isomorphism. ([l
S

Corollary A.1.13. Let X be a finite type k-scheme, ¢ a prime number invertible in k£, and F, G
Dlétf(X X 1; Z/€"Z) for some integer n > 1. Then RHomgz /mz (T, 9) lies in Dgtf(X Xs 1, L/0VE)
and the natural morphism

Romz jmz(F,9) @z Z/0" ' Z — RHomg m-17 (ff ®F imz L/ 2, G ©F g Z/en—lz)
is an isomorphism.

Proof. We firstly show that RHomz /mz(F, 9) lies in Dgtf(X Xsn; Z/0"Z). Lemma A.1.12 ensures
that it suffices to show that

RHomg mz (5 F, 7%S) € DY/ (X5: Z/0"Z.).
This follows from [Full, Theorem 9.5.3(ii)].
Now we show that the natural morphism

Rg'fomz/gnz (377 9) ®é/Z"Z Z/Enflz - R:H:Omz/gn—lz (3‘ ®é/Z"Z Z/Enflz7 9 ®é/£nz Z/Enflz)

is an isomorphism. Lemma A.1.4(3) implies that 7% is conservative, so it suffices to prove the
claim after applying 7% . Therefore, it suffices to prove analogous claim for constructible, finite tor
dimension complexes on Xg. This is standard (see [Full, Proposition 10.1.17]). O
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Now we assume that X,F, G are as in Lemma A.1.12. In what follows, we define
RHom , 7/mz(F, 9) == R(f x5 n)«RHomzmz(F, ) € D(n; Z/("Z).
By Lemma A.1.11(1) and Lemma A.1.12, we see that
msRHom , 7/pmz(F, ) = RI'(X5, RHomgz,mz(mxF, 71X §)) =~ RHomg /mz(mx F, X §).

Informally, RHom /,, 7 /pn7(F,G) € D(n; Z/€"Z) is a canonical descent of RHomg /pmz (75 F, 7% G) €
D(5;Z/0"Z) to an object of D(n;Z/("Z).

Lemma A.1.14. Let X be a finite type k-scheme, ¢ a prime number, and F,9 € Dgtf(X Xg
n; Z/0"Z) for some integer n > 1. Then there is a canonical isomorphism

RHOle/gnz(gj, 9) >~ chont(Gm RHOHl/njz/gnz(St, 9))
Proof. We have a sequence of isomorphism
RHOle/gnz<SF, 9) >~ RF(X Xs M, Rj‘fomz/gnz(&r, 9))
>~ RI(n; R(f x5 n)«RHomz mz(F,9))
>~ RT cont (G, RHom/n,Z/znz(ga 9)),

where the last isomorphism uses an identification of D(n;Z/¢"Z) with the category of discrete
Z/0"Z[G,]-modules. O

Corollary A.1.15. Let X be a finite type k-scheme, ¢ a prime number, and F, G € Dgtf(X X g
n; Z/"Z) for some integer n > 1. Suppose that RHomg, /pmz (75 F, 7% 9) € D=0(Z/¢"Z). Then
Homg, /pmz(F, ) = Homg g (w5 F, 75 G) 7.
Now we discuss the finiteness assumptions for the Hom groups in Deligne’s topos.

Lemma A.1.16. Let K be a non-archimedean arithmetic field (see Definition 2.1.1), ¢ a prime
number invertible in O, and M € DY%n;Z/¢"Z) for some integer n > 1. Then RI'(n, M) =~
RPcont (Gy, M) € Db, (Z/0"Z).

coh

Proof. Since RI¢ont(Gy, M) depends only on the Galois group of K, we can assume that K is a
local field.

First, we use a standard spectral sequence to reduce to the case of a finite discrete G,-module
M. Then the claim follows from [Ser02, Proposition 5.2/14 and Remark 2) on p.92]. O

Corollary A.1.17. Let K be a non-archimedean arithmetic field, and X a finite type k-scheme,
¢ a prime number invertible in Ok, and F,§ € ch’tf(X X 1; Z/0"Z) for some integer n > 1. Then

RHomg, /n7(F,5) € DY), (n; Z/¢"Z). In particular, Extiz/enz(ff, §G) are finite groups all integers 7.
Proof. Lemma A.1.14 implies that
RHomg, /nz(F, §) =~ Rl cont (G, RHom, 7/im7 (5, 9)) -
Lemma A.1.11(5) and Lemma A.1.12 imply that
RHom,, 7/n7(F, ) € Dby (n; Z/"Z).
Thus the result follows from Lemma A.1.16. O
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A.2. Shriek functors. Th main goal of this section is to discuss the construction of shriek functors
for the Deligne topoi.

For the rest of this section, we fix a non-archimedean field K with residue field &, a prime number
¢ invertible in k, and an integer n > 1.

Construction A.2.1. For a separated morphism f: X — Y between finite type k-schemes, [LLZ19,
Construction 1.8] defines a lower shriek functor

R(f xsn)h: D(X xsm; Z/0"Z) — D(Y x50, Z/0"Z)

such that R(f xsn); = R(f xsn). for a proper f and R(f xsn) is left adjoint to (f xsn)* for an
open immersion f.
In [LZ19, Construction 1.9], they also define the upper shriek functor

(f xsm)'s DY X310, Z/"Z) — D(X %0 Z/0"Z)
as a right adjoint to R(f xsn).

Remark A.2.2. Using [lucas-thesis], it is possible to promote R(f xs1); and (f xs7)' to functors
of co-categories. We do not do this in this paper as we will never need this.

Lemma A.2.3. Let f: X — Y be a separated morphism of finite type k-schemes, ¢ a prime
number invertible in k, and n > 1 a positive integer. Then

(1) the diagram
D(X x4y 0;Z)"Z) — D(Xy; Z/0"Z)
|Rean |Rse
D(Y x, 1;Z/0"Z) — D(Ys;Z/0"Z),
commutes (up to a canonical isomorphism);
(2) the diagram
D(X x,m:Z/0"Z) 25 D(X:Z/0"Z)
|Rean |
DY x,1,2/0"Z) —2 D(Y;Z/0"Z).
commutes (up to a canonical isomorphism) for every continuous section o: Gy — Gy;
(3) the diagram
D(X:Z/"Z) "X D(X x, n: Z/0"Z)
[ L
D(Y:Z/0"Z) —2 s D(Y x,1;Z/1"Z).
commutes (up to a canonical isomorphism);
(4) The natural morphism
eFn RO X M1 F ©F jpug Z/OMZ = R(f %5 1)y (ff ®% pnz Z/emz)
is an isomorphism for any F € D(X xsn;Z/0"Z) and n > m;
(5) R(f xsn) carries ch’tf(X Xsn; Z/0VZ) to ch’tf(Y Xs1; Z/0VE).
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Proof. (1), (2), and (3) follow from [LZ19, Construction 1.8, Property (2)]. (4) follows from [LZ19,
Construction 1.8, Property (3)]. And (5) can be proven similarly to Lemma A.1.11(5). O

Now we discuss the basic properties of the upper shriek functor:

Lemma A.2.4. Let f: X — Y be a separated morphism of finite type k-schemes, ¢ a prime
number invertible in k, and n > 1 a positive integer. Then

(1) the diagram
D(Y x4n,Z/0"Z) —Y— D(Ys,Z/("Z)

l(f xsm)* lfé

D(X x,1,Z/1"Z) 5 D(Xs,Z./0"Z),

commutes (up to a canonical isomorphism);

(2) the diagram
D(Y xsm:Z/0"Z) 75 D(Y;Z/"Z)

l(fxsn)’ ) lf’

D(X s Z/0"Z) —* D(X;Z/0"Z).
commutes (up to a canonical isomorphism) for every continuous section o: Gy — Gy;

(3) the diagram
D(Y;Z/"Z) 25 D(Y x,n;Z/("Z)

lf! l(f X sm)*
D(X:Z/1"Z) 25 D(X x,n; Z/0"Z)
commutes (up to a canonical isomorphism), where px : X x3n — X is the natural projection
morphism (and the same for py);
(4) If f is smooth of pure relative dimension d, there is a natural isomorphism (f x,n)' =~
(f x5 m)*(d)[2d];
(5) The natural morphism

Crmmi (F %5 M) F 0L ng B/OZ > (f x5 0) (F 95 ny 2/0°2)

is an isomorphism for any F € D(Y x4 n;Z/0"Z) and n > m;
(6) (f xsn)" carries ch’tf(Y Xsn; Z/0Z) to Dgtf(X Xs0; Z/OVE).

Proof. (1) and (2) follow from [LZ19, Proposition 1.24] (the boundedness assumption can be
dropped in our situation by using [L.Z19, Lemma 1.18] in place of [LZ19, Proposition 1.17]). (3)
follows from [LZ19, Corollary 1.26] applied to g = Id,, and M = Z/{"Z. (5) follows from [L.Z19,
Proposition 1.23]. (5) follows from [L.Z19, Proposition 1.25]. And (6) can be proven similarly to
Lemma A.1.11(5). O

For the next definition, we fix a finite type separated k-scheme with structure morphism f: X —
Speck.
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Definition A.2.5. The dualizing complex wxx ., € D(X x,n;Z/0"Z) is defined to be wxx,, =

(f s m)'(2/0"2Z).
The Verdier duality functor Dxyx n,(—): D(X xsn; Z/0"Z)P — D(X xsn;Z/0"Z) is defined as

DXXSW(_) = Rg_fomZ/fnZ(_7wX><s77)

Remark A.2.6. Lemma A.2.4(3), there is a natural isomorphism
WX x gy = PXWX = p;(f!(w)a

where px: X Xgn — X is the natural projection morphism.
Remark A.2.7. By Lemma A.1.12 and Lemma A.2.4, the natural morphisms

0xDxx(F) = Dx(ox ),

7% Dxx.y(%) = D, (75 )
are isomorphisms for F € D%(X x4 n;Z/("Z).
Lemma A.2.8. Let X be a finite type k-scheme, and ¢ a prime number invertible in k. Then the
Verdier duality restricts to an equivalence

Dyt Doyp(X x5 13 Z/0Z)P — Dy (X x5 1: Z/0"Z).
Proof. We need to show that, for every F € ch’tf(X xs 1, Z/0"Z), Dxx ,(F) lies in DY(X x4
n; Z/¢"Z) and the natural morphism
F = Dxx.y (Dxx.n (F))

is an isomorphism. The first claim follows from Corollary A.1.13. The second claim can be proven
after applying 7% by Lemma A.1.4(3)). Then Remark A.2.7 ensures that it suffices to prove
analogous fact for a complex § € D%, 1(X5:Z/0"Z). This follows from [Full, Theorem 9.6.1]. [

A.3. Analytic nearby cycles. The main goal of this section is to define the functor of nearby

cycles for admissible formal Og-schemes. For this, we fix a completed algebraic closure C' := K of
K, the ring of integers O¢c C C, and the residue field k.

We recall that, for every admissible formal Og-scheme X, there is a morphism of topoi
Ay Xy — X
constructed in [Hub96, Lemma 3.5.1]. On the level of sites, this morphism sends on étale morphism
s — X to YUy, — X, where U — X is the unique étale map of formal schemes lifting iy — Xs.
Now we wish to define the nearby cycles functor. We consider the (2, 1)-commutative diagram:

Ax
xn,ét ” xs,ét

i i (A.7)
n————s,
where vertical arrows are the structure morphisms'®. By the universal property of the 2-fiber
products, Diagram (A.7) defines the morphism of topoi
Woes Xy st — (X X5 1)t

For the next definition, we fix a prime number ¢ and a positive integer n > 1.

18Here, we implicitly identify n with the étale topos Spa(K, Ok )es.
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Definition A.3.1. For a nice formal Og-scheme, the nearby cycles functor is the right derived
functor

RWy: D(X,; Z/0"Z) — D(Xs x5 m; Z/I"Z).

Warning A.3.2. Even though it is not explicitly emphasized in the notation, the nearby cycles
functor depends on a choice of a ground field K. Even the category D(Xs xsn;Z/¢"Z) depends on
a choice of s and 17 and not merely on X as an abstract formal scheme.

Now we establish some basic properties of this functor. In particular, we will show that RWy
is indeed a canonical “descent” of R)\xoc’* o b*xn, where by, DC% — X, is the natural projection
morphism. But before we do this, we need to recall the definition of Zariski constructible sheaves:

Definition A.3.3. Let X be a rigid-analytic space over a non-archimedean field K.
(1) An étale sheaf F € Shv(Xg; Z/0"Z) is lisse there exists an étale cover {U; — X };er such
that JF|y, is the constant sheaf associated to a finitely generated Z/¢"Z-module.

(2) An étale sheaf F € Shv(X¢; Z/0"Z) is Zariski-constructible if X admits a locally finite
stratification X = U;erX; into Zariski locally closed subsets X; such that JF|x, is a lisse
sheaf of Z/¢"Z-modules for all i € I.

(3) A complex F € D(X;Z/l"Z) is bounded Zariski-constructible if only finite number of coho-
mology sheaves H'(F) are non-zero, and all of them are Zariski-constructible. We denote
this category by Db .(X;Z/("Z)

(4) A complex F € D(X;Z/0"Z) is Zariski-constructible of finite tor dimension if F is Zariski-
constructible and, for every finitely generated Z/¢"Z-module M, F ®é /g, F, is bounded.

We denote this category by @chftd(X; Z/0"Z).
Lemma A.3.4. Let X be an admissible formal Og-scheme, ¢ a prime number, and n a positive
integer. Then
(1) the diagram

D(X,; Z/OVZ) 255 D(X, x4 13 Z/0MZ)

3 ys‘cs
l ! Ry

D(X=1 Z/0°Z) — D(Xs: Z/0"Z)
commutes (up to a canonical isomorphism);
(2) the diagram

D(an Z/fnZ) % D(xs Xs 1, Z/E”Z)

lan,* lR(stsn)*

DY, Z/0"Z) —25 DYy x4 n; Z/0"Z)

commutes (up to a canonical isomorphism);

(3) Let K C K’ C C be an extension of non-archimedean fields inducing an algebraic extension
k C k' on residue fields, and let 1’ and s’ be the classifying topoi of the absolute Galois
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groups Gk and Gy. Then the following diagram
D(X; Z/I"T) —X D(X, x4 73 Z/0"Z)

b* b*
.’ R¥x, >

D(Xyy; Z/0"Z) — D(Xy Xy 0 Z/I"Z)

commutes (up to a canonical isomorphism), where the vertical functors are the natural
pullbacks;

(4) The natural morphism
cgmm’: RUxF @ g Z/0"Z = RYX(F ©F g Z/ 0" Z)
is an isomorphism for any F € D(X xsn;Z/¢"Z) and n > m;

(5) If ¢ is invertible in Ok, RUy carries Dgcyftd(xn; Z/0"Z) to D‘;tf(xs Xs 1 L/OVL);

(6) The nearby cycles RUy: D(X,; Z/0"Z) — D(Xs x4 1; Z/{"Z) commutes with colimits.

Proof. Before we start the proof, we note that R)\xOm* has finite cohomological dimension by
[Hub96, Corollary 2.8.3]. We will freely use this in the proof.

(1) It can be seen explicitly using the explicit site-theoretic construction of Xy X7 from [[LO14,
Exp. XI, §3]. Alternatively, (Xs x5 n)e¢ is coherent by [LZ19, Lemma 1.3] (or [[LO14, Exp.XI,
Lemme 2.5]), and the proof of loc. cit. implies that Wx: X, ¢ — (Xs X 1)g is coherent. Further-
more, an argument analogous to that of Lemma A.1.4 1 implies that Xp x;, 7 ~ X5 (use [Hub9o,
Proposition 2.4.4] in place of [Mor08, Lemma 8.3]). Then the result follows from the base change
result, see [LZ19, Proposition 1.17 and Remark 1.18].

(2) This is formal.

(3) By Lemma A.1.4 3, it suffices to show that the natural morphism
b* ;7 O R\IJ:)C — R\I’:)CO/K e} b;;’n/

s,8

is an isomorphism after applying 7y : DT(Xy xg 1 Z/{"Z) — Dt (X5 = Xs;Z/("Z). But then

s T
both compositions are canonically identified with

R)\XOC,* o Py

n
by (1).

(4) By (1) and Lemma A.1.4 (3), cohomological dimension of R¥y , is bounded by the cohomo-
logical dimension of RADCOO*- Therefore, the result follows from [L.Z19, Corollary 1.20].

(5) By (1), it suffices to show that RAx, . carries @lz’c,ftd(x%; Z/0"Z) to ch’tf(xg; Z/0"Z). The
fact that RAx, . carries @ZC(DC%; Z/0"Z) to DY(X5;Z/¢"Z). By [B1122, Proposition 3.6], (4), and
Lemma A.1.11(5), it is sufficient to show that Ry, (M) € DY(Xy x5 1; Z/"Z) for a finitely
generated Z/¢"Z-module M. In this case it follows from [Hub98, Proposition 3.11] or [Berl5,
Theorem 1.1.2]. Now it is easy to see that RAxg .« carries Dgcyftd(x%; Z/0"7Z) to D‘;tf(xg; Z/0"7)
using the projection formula.

(6) By [Lurl7, Proposition 1.4.4.1(2)], it suffices to show that RUy commutes with (infinite)
direct sums. Since my commutes with (infinite) direct sums and conservative, it suffices to show
that R)\XOC,* commutes with infinite direct sums. Now this is classical; for example, it follows from

[Han18, Theorem 1.1(i)]. O
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Remark A.3.5. Lemma A.3.4(2) and Lemma A.1.11(1) imply that, for an admissible formal O -
scheme X with the structure morphism f: X — Spf O and F € D(X,), Z/(Z),

RD (:x%, 3") ~ (RfysT)z = (R (s % 1), RUxT)= ~ RT (X5, 75, RUT)
compatibly with the G-action on both sides.

Now we wish to discuss an analogue of Remark A.3.5 for compactly supported cohomology
groups. We will not be able to establish a result in such generality, but we will prove a subtitute
that is sufficient for all our purposes. The question turns out to be more subtle than Remark A.3.5
since the lower shriek functors do not come from morphisms of topoi, so it is somewhat difficult
to control the G,-action on compactly supported cohomology groups. Before we discuss this, we
record the following preliminary lemma.

Lemma A.3.6. Let j: 4 — X be an open immersion of admissible formal Og-schemes, and ¢ a
prime number. Then there is a natural isomorphism of functors

(js Xs "7)! oRV¥y ~ R¥yxo jn,!
as functors D(8,; Z/I"Z) — D(Xs x5 1; Z/I"Z).
Proof. The hard part is to construct the natural tranformation. First we note that there is a

natural transformation j, 1 — Ry . essentially by construction (see [Hub96, Definition 5.2.1(ii) and
Proposition 5.2.4]). This induces a transformation

RWy o jyr — RUyx o Ry« = R(js Xs 1) 0 RUy
where the last isomorphism comes from Lemma A.3.4(2). By adjunction, this gives a morphism
(]5 Xs 77)* © R\IJX ojn,! — R\I}LL

This morphism is easily seen to be an isomorphism (after applying Ty, as always). By adjunction,
its inverse defines a morphism

(js Xg 77)! oR¥Uy — Ry ojr],!' (AS)

It suffices to show that this transformation is an isomorphism after applying 7. by Lemma A.1.4(3).
Therefore, using Lemma A.2.3(1), Lemma A.3.4(1), [Hub96, Theorem 5.9.3], and [Hub96, Corollary
5.9.3] one proves that the transformation (A.8) is an isomorphism on DT (8, Z/¢"Z). The general
case follows from the fact that all functors commute with colimits (see Lemma A.3.4(6)). O

Lemma A.3.7. Let X be an admissible formal scheme with structure morphism §: X — Spf O,
£ a prime number, and n > 1 a positive integer. Then:

(1) The nearby cycles functor RWy: D(X,; Z/0"Z) — D(Xs x5 n;Z/I"Z) has a right adjoint
|
W
(2) For F € D(X,;Z/"Z) and G € D(Xs x5 n; Z/L"Z), there is a functorial isomorphism
RWUxRHomz/mz (T, ThG) — RHomz mz(RUxT, 9);

(3) If ¢ is invertible in O, there is an isomorphism
Wof, (zmz) ~f (Z/E”Z) :
(4) If ¢ is invertible in O, there is a natural isomorphism of functors

R\I/x o Dj)c77 ~ stxsn o R\le.
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Proof. (1) follows from the fact that R¥y commutes with colimits (see Lemma A.3.4(6)), the
fact that both D(X,;Z/"Z) and D(Xs x, 1;Z/{"Z) are presentable co-categories (see [Lurl7,
Proposition 1.3.5.21]), and the Adjoint Functor Theorem (see [Lur09, Corollary 5.5.2.9]).

(2) is essentially formal from the standard adjunctions and the projection formula for RWy. We
refer to [Hanl8, p. 8] and [GW21, Corollary 4.3(2)] for similar arguments.

(3) This can be proven similarly to [GW21, Corollary 4.3(iii)] using Lemma A.3.6 in place of
[Hub96, Corollary 3.5.11]. Namely, first the proof of [GW21, Corollary 4.3(iii)] shows that

eatly g (7, (2/0°2) .5, (2/0'2)) = 0
for i < 0. Therefore, using the BBD gluing lemma, it suffices to construct such isomorphism locally
(provided that it is compatible with open immersions). In the affinoid case, one reduces first to the
case of a ball, where one can embedd it into the projective space. Then the isomorphism comes
from the combination of Lemma A.3.6 and Lemma A.3.4(2). We refer to [GW21, Corollary 4.3(iii)
and Lemma 2.34] for more detail.

(4) follows formally from (2) and (3). O

Theorem A.3.8. Let f: X — 9 be a morphism of admissible formal Og-schemes, ¢ a prime
number invertible in O, and F € D?, 1a(Xn, Z/L"Z) for some integer n > 1. There is a functorial
isomorphism

R(fs X 7])3 o R\I/fo ~ R\I/g) o an’l‘rf

Proof. The claim follows from a sequence of isomorphisms:

R\I/@ o Rfm!f‘f =~ R\I/@ o an’[ o Dxn o Dxnff

~ RWUy o Dy, o Rfy« 0Dy, &

~ Dy, x,n c R¥Ugy o Rfy 4 0 Dxnf}~

= DQ_JSXSW ° R’(fs Xs n)* o R\le ° Dxn?

~ D), x.n © R(fs X5 1)+ 0 D,y 0 RUTF

= DQ_JSXSW o Dg)sxsn ° R‘(fs Xs 77)' ° R\Ijng

= R(fs Xs 77)! o RUy Y.
Now we explain each isomorphism in more detail. The first isomorphism follows from [BH22,
Theorem 3.21(3)]. The second isomorphism follows from [GW21, Corollary 4.9(2)], the fact that
Dy, J is Zariski-constructible (see [B1122, Corollary 3.14]), and the fact that Zariski-constructible
complexes are constructible in the sense of [GW21, Definition 3.1] (this is not hard to deduce
from [BH22, Proposition 3.6] and [GW21, Remark 3.2]). The third isomorphism follows from
Lemma A.3.7(4). The fourth isomorphism follows from Lemma A.3.4(2). The fifth isomorphism
follows from Lemma A.3.7(4). The sixth isomorphism follows from (the sheafified version of)

the (R(fs xs )1, (fs x5 n)')-adjunction. The sixth isomorphism follows from Lemma A.3.4(6) and
Lemma A.2.8. O

Remark A.3.9. Similarly to Remark A.3.5, Theorem A.3.8 and Lemma A.2.3(1) imply that,
for an admissible formal Og-scheme X with the structure morphism §: X — SpfOg and F €
Jchﬂd(:xn, Z/0%Z), we have

RT. (X, F) = RT, (Xs, 7, R¥x)

compatibly with the G,-action on both sides.
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A.4. Comparison of analytic and algebraic nearby cycles. The main goal of this section is
to compare the nearby cycles functor from Section A.3 to the standard construction of algebraic
nearby cycles.

For the rest of this section, we fix a henselian rank-1 valuation ring O with fraction field K and

residue field k. We also fix its completed algebraic closure C' = K. It is a non-archimedean field
with ring of integers O¢ and residue field k, an algebraic closure of k. In what follows, we denote
by S the spectrum Spec Of.

We start by briefly reviewing the construction of the algebraic nearby cycles. Let X be a finitely
presented, flat O g-scheme. We consider the oriented fiber product X¢; x g,, 1 (see [ILO14, Exp. XI,
§1]), where the morphism 1 — Sg; is induced by a morphism of schemes Spec K — Spec O. Thus
the (2, 1)-commutative square

Xpeo — X
n——— Sé
and the universal property of the oriented fiber products define the morphism of topoi
1 <~
\I/f;{%n: Xfmét — Xét X St M-
However, unlike the analytic situation, this does not finish the construction of the algebraic
nearby cycles. To construct the desired nearby cycles, we consider the morphism of topoi

mT: Sgt — 8

induced by the functor of underlying sites 7*: Et.qcqs(Spec k) — Et(Spec Ox) sending Spec A —
Speck to the unique (finite étale) lift Spec A — Spec Ox. By functoriality of the oriented fiber
products, it defines the morphism

— «—
X6t X 556t — Xset X 556t

Lemma A.4.1. The natural morphism X S’éty Se ¢t — X, s,étysSét is an equivalence for any k-
scheme X.

Proof. Using the adjunction between 7: Sg; — s and i: s — Sg, one checks that both oriented
fiber products satisfy the same universal property. See [LZ19, Lemma 1.41] for details. O

Recall that, for any topos T', the category Homg (T, s) is a groupoid (see [L.Z19, Remark 1.15]),
so the oriented and 2-fiber products over s coincide. In particular, X« x5 5 ~ X4 x5S, We
combine it with Lemma A.4.1 to get a canonical equivalence X, ¢ X5 S¢r ~ X 57ét§5ét Se. We also
define the morphism

Z: (Xs Xs n)ét — Xétisétn
as the composition

«— «—
(Xs Xsm)et — Xt Xs St 2 X ¢t X 5456t — Xt X 54, Séts

where the first and third maps come from functoriality of the 2-fiber and oriented products re-
spectively, and the middle equivalence is the equivalence discussed above. Finally, we are ready to
define the algebraic nearby cycles:
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Definition A.4.2. The algebraic nearby cycles functor
RUYE: D(X,; Z/0"Z) — D(X, x4 1; Z/("Z)
is the composition
RUGE == 3, " o RUGE
Lemma A.4.3. Let X be a flat, finitely presented Og-scheme, ¢ a prime number, and n > 1 a

positive integer. Then the diagram

g
RUAE

D(X,;Z/0"Z) D(Xs xsm;Z/"Z)

>k *
lcxn l”xs

D(Xys Z/0VZ) L5 D(Xo,; B/0"Z) —— D(X5; Z/0Z)

commutes (up to a canonical isomorphism), where X3 is the generic fiber of Xo and X is its
special fiber. In other words, the algebraic nearby cycles coincide with the other constructions
given in [SGAT,, Exp. XIII] and [Hub96, Section 4.2]

Proof. The easiest way to show the claim is to use the explicit construction of the oriented fiber
product from [[LO14, Exp. XI, §1]. If O is discretely valued, this is explained in [I1117, (1.2)]. In
general the same argument applies. ([l

Now we assume that O is complete with a choice of a pseudo-uniformizer w € Ox. We would
like to compare the algebraic nearby cycles for a flat, finitely presented Op-scheme X with the
analytic nearby cycles for its w-adic completion X considered as an admissible O x-scheme.

The first step is to construct the comparison morphism. For this, we recall that there are two
different analytic generic fibers associated to X. The first one X" is obtained by taking the
analytification of algebraic generic fiber, this comes with the natural morphism of étale topoi

. an .,
L: X"?yét — Xn,et-

The other generic fiber )?,7 is the adic generic fiber of the admissible formal scheme X. This comes
with the natural morphism

Xy — X"
that is an open immersion for a separated X (see [Con99, Theorem 5.3.1]). By passing to the
associated étale topoi, we get the morphism

~

. an
Ix Xt = Xy g

By composing it with ¢, we get the morphism

o X’I],ét — Xn,ét'

We note the diagram of topoi

~ Ue
Xn,ét — (Xs X n)ét
la < (A.9)
\Ilalg

X,n —
Xt — Xet X Sgu7-
does not commute. However, there is a non-invertible 2-tranformation

. gale = W
e \IJXmoa — iy oV¥s.
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To construct it, we consider the natural projections gx : Xétysétn — X¢t and gy : Xétisétn —n.
By the universal property of oriented fiber products, it suffices to define the transformation v after
applying ¢, and ¢x (in a compatible way). One sees that g, o \Iliégn o« is canonically identified with

qy © Z o Vs, And the transformation

Yx qu\Iliggnoa—H]Xo;o‘l’)?
is induced (on the level of sites) by the natural transformation
Y Up=(qx 01y 0 Ug)" (U) = (ax 0 ¥, 00)"(U) = U™ xxan X,
The 2-morphism ~ defines the natural transformation of functors

RUYE | oRa, — Riy. 0 RUg

that, by adjunction, defines the following natural transformation of functors
c: z* o R\I/fj;}gn* — R¥;oa™

Note that the source of ¢ is by definition equal to R\Ilz}%g, so ¢ can be rewritten as the natural
tranformation

c: R\Iliég — RV¥gsoa™

Theorem A.4.4. Let Og be complete rank-1 valuation ring, X a flat, finitely presented Og-
scheme, ¢ a prime number, and n an integer > 1. Then the natural morphism

c: RUGE (F) — R¥ ¢ (')
is an isomorphism for any J € D(X,; Z/("Z).

Proof. By Lemma A.1.4(3), it suffices to show that c is an isomorphism after applying 7% . Now
using Lemma A.3.4 and Lemma A.3.4, the question boils down to the following one: for a flat,
finitely presented Oz-scheme X, the natural morphism

d: i"Rj.F — R (a™F)

is an isomorphism for any F € D(X;Z/{"Z), j: X7z — X the natural open immersion of the
generic fiber of X into X, i: Xy — X the natural closed immersion of the special fiber of X, and
v: X, s — Xsg¢ is the natural morphism between the étale topoi of the adic generic fiber of a
formal scheme X to its special fiber. Now d is an isomorphism by [Hub96, Theorem 3.5.13] for
bounded below complexes. The result extends formally to the unbounded case since both functors
are of finite cohomological dimension. O

APPENDIX B. ADIC AND RATIONAL COEFFICIENTS

The main goal of this Appendix is to review the theory of “derived categories with Z, and Q-
coefficients” in the generality needed for the purposes of this paper. We pay extra attention to the
categories of Z, and Q, complexes on Deligne’s topos X x4 7.

Our approach is based on the theory of co-categories. For the rest of the section, we fix a prime
number ¢. In this section, we freely identify (2, 1)-categories with their Duskin nerves considered
as oo-categories (see [Lur22, Tag 00AC]). We will also freely use the notions of oo-categorical limit
and colimit (see [Lur22, Tag 02H0] for some general discussion).


https://kerodon.net/tag/00AC
https://kerodon.net/tag/02H0
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B.1. Adic complexes on a general topos. The main goal of this section is to discuss the general
notion of “complexes of Z, and Q, sheaves” on a topos.
Definition B.1.1. The co-derived category of Zy sheaves D(T;Zy) on a topos T is the limit
D(T;Zy) =limD(T,Z/"Z).
n
We denote its homotopy category by D(T';Z;) == hD(T';Zy).

The oo-derived category of sheaves of Qg-modules D(T; Q) on a topos T is the localization'’
D(T, Q) :=D(T;Zy) [%] We denote its homotopy category by D(T; Qg) := hD(T; Qy)

Remark B.1.2. An object F € D(T';Zy) is a sequence of objects F,, € D(T'; Z/{"Z) equipped with
isomorphisms F, ®é/znz Z/0"1Z ~ F,_ 1. We informally denote the object F as “lim,, " F,.
Now we wish to show that the formation of D(T%;Zy) and D(T'; Q) are oco-functorial in 7T'. For
this, it will be convenient to identify D(T'; Z,) with a subcategory of D(T';Z).
Definition B.1.3. An object F € D(T;Z) is ¢-adically derived complete if the natural morphism
F — lim (F @5 Z/("Z)

is an isomorphism. We denote by D,(T';Z) the full subcatery of D(T;Z) that consists of ¢-adic
derived complete objects.

Lemma B.1.4. Let T be a topos. Then the natural morphism
Dy(T;Z) — D(T; Zy)
is an equivalence.
Proof. The proof is completely analogous to [GL.19, Proposition 4.3.9]. O

Now we recall that the assignment of the oo-category D(T,Z) to a topos T' € T can be made
into an co-functor
D(—;Z)s: T° — Catoo
that, on vertices, associates to a topos T the co-category D(T'; Z) and, on edges, sends a morphism
f:T — TtoRfs: D(T';Z) — D(T;Z). Since Rf, preserves (-adically derived complete objects
by [Sta2l, Tag 099J], we conclude that D(—;Z), restricts to an co-functor
D(—;Zy)s: T~ — Cato
that sends a topos T to Dy(T;Z) ~ D(T;Z;) (see Lemma B.1.4). By passing to adjoints, we get
an oo-functor
D(—;Zy)": T = Catoo.
After localizing at ¢, we also get an oo-functor
D(—;Qp)*: T5P — Catoo.
Remark B.1.5. Lemma B.1.4 and [Sta21, Tag 0B54] formally imply that, for a morphism of topoi
f: T — T and objects F = “lim, F,” € D(T;Zy) and § = “lim, G,” € D(T";Z), there are
formulas

Rf.F = “lim”"Rf.F, € D(T"; Zy),
G =“lim” f*G,, € D(T;Zy).

1986e [Lur22, Tag 01ME] for the notion of a localization in the co-categorical context.


https://stacks.math.columbia.edu/tag/099J
https://stacks.math.columbia.edu/tag/0B54
https://kerodon.net/tag/01ME
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Remark B.1.6. By composing the co-functor
D(—;Zy)": T = Catoo
with the functor h(—): Cats, — Cat™ that sends an oco-category € to its homotopy category hC, we
get a 2-functor
D(—;Zy)": T5°° — Cat™
that sends a topos T' to the triangulated category D(T';Z;). The same applies to D(—; Qy).

B.2. Adic complexes on Deligne’s topos. The main goal of this section is to apply the con-
structions of the previous section to Deligne’s topos defined in Appendix A.

For the rest of the section, we fix a non-archimedean field K with the residue field k, a finite
type k-scheme X, and a prime number ¢ invertible in k.

We start with the observation that essentially all the results of Apendix A formally generalize
to the case of adic coefficients:

Remark B.1. Using Remark B.1.5, we extend the functors 7%, o%, p%, R(f Xs 1)+, R¥yx and

R\If;g to the setting of Z, and Qg coefficients. By passing to the limit, one can easily check that
the results of Lemma A.1.11, Lemma A.3.4, Lemma A.4.3, and Theorem A.4.4 hold with Z, and
Q coefficients.

Now we show that any sheaf F € D(X xsn;Zy) (resp. F € D(X x5m; Qp)) admits an “action” of
G, after applying the pullback functor 7% : D(X x4 n;Z;) = D(X5; Zy):

Construction B.2.1. Using 2-functoriality of D(T'; Z¢) (resp. D(T'; Q¢)) established in Remark B.1.6,
we can repeat Construction A.1.6 for Zj-coefficients (resp. Qg-coefficients). More precisely, for
an object F € D(X x4 n;Zy) (resp. F € D(X x5 n;Qu)), we get a family of isomorphisms
pg: G'xF — w5 F such that p. = Id and the diagram

y*ﬁ*ﬂ}”f L (or) g T

Jo Jo

(9w T = i T

commutes for every g,h € G,. By restricting to the inertia subgroup I C G, we get a homomor-
phism

p: I — Aut(nrxF)
for any F € D(X xsm;Zy) (resp. F € D(X x51;Qq)).

Definition B.2.2. An object F € D(X x4n; Zy) is called constructible if ff®ée F, e DZ(X XsM; Zg).
We denote by DY(X x, n; Zy) the full co-subcategory of D(X x, n;Z,) consisting of constructible
objects, and by D%(X x, n; Z,) its homotopy category.

We define the bounded derived category of constructible Qp-sheaves DX x4 1; Qp) = DUX x,
1; Z¢)[}] as the evident localization of D4(X x,n; Z,). We denote by D’(X x,n; Q) the homotopy
category of DE(X xsn; Q).

Remark B.2.3. It is straighforward to check that F € D(X x4 n;Zy) is constructible if and only
if 73 F € D(X5;Zy) is constructible (in the usual sense).
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We first discuss the Hom spaces in the category D8(X x, n;A) for A = Zy or Q. For F,G €
DY%(X x,m;A), we define

RHom ,, q, (F,9) = R(f xsn)«RHomq,(F,9) € Dg(n; A).

Lemma B.2.4. Let X be a finite type k-scheme, ¢ a prime number invertible in O, A = Z, or
Qu, and F,G € Dg(X Xs1M;A). Then

RHomy (9, 9) ~ Rlcont (G, RHom,, 5 (5,9)) .
Proof. 1t follows from Lemma A.1.14 by passing to a cofiltered limit, and then filtered colimit. [J

Corollary B.2.5. In the notation of Lemma B.2.4, assume that RHomy (7% F, 7% G) € DZ%(X5; A).
Then

Homp (7, 9) ~ Homp (7% F, 75 G) 9.

We next discuss the standard ¢-structure for sheaves on X x 7. This is a little bit subtle, because
the individual categories @Iétf(X X s 1; Z/0"Z) do not admit natural t-structures when n > 1.2

Lemma B.2.6. Let X be a finite type k-scheme, and ¢ a prime number invertible in k. Then the
oo-category DY(X x1; Z¢) admits a standard t-structure:

(1) DE%(X x,n;Zy) is the full subcategory of D%(X x,n;Z,) consisting of objects F such that
5T € DF0(Xs5; Zo);

(2) DZ%(X x,n;Zy) is the full subcategory of D%(X x,n;Z,) consisting of objects F such that
5T € DZ°(X5; Zy).

Proof. We note that Corollary B.2.5 implies that Homg, (F,5) = 0 for F € D=%(X x4 n;Z,) and
G € DZY(X xsm;Zy). Thus the only non-trivial part of the definition of a t-structure one needs to
verify is that every object F € D%(X x, n;Z,) fits into an exact triangle

F 5F -3

with ' € DS9(X x4n;Z¢) and F" € DZY(X x4n; Zy). For this, we note that the proof of analogous
fact in [GL.19, Proposition 2.3.6.1] goes through with little changes; we leave details to the interested
reader. g

Corollary B.2.7. Let X be a finite type k-scheme, and ¢ a prime number invertible in k. Then
the category D (X x,n; Q) admits a standard t-structure:

(1) D%(X x4 n; Q) is the full subcategory of D%(X x,n; Q) consisting of objects F such that
T F € DEY(X55 Qu);

(2) DZ%(X x4m;Qy) is the full subcategory of D%(X x¢n; Q) consisting of objects F such that
3T € D (X5 Qo).

We next discuss “local systems” on the topos X x¢n. For the next definition, we fix a finite type
k-scheme X and a ring A € {Qy, Zy,Z/("Z} for a prime number ¢ invertible in k.

Definition B.2.8. An object F € DY(X x4 n;A) is lisse if 75 F € D(X5; A) has lisse cohomology
sheaves.

An object F € D(X x4n; A) is a A-local system if it lies in the heart of the standard t-structure,
lisse, and all stalks of 73 J are finite flat A-modules.

20As usual, this is “because” Perf(Z/¢"Z) does not admit any natural t-structure for n > 1.
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Lemma B.2.9. Let X a finite type k-scheme, £ a prime number invertible in k, A € {Qy, Zy,Z/("Z},
and F € D5(X x4n;A). Then there is a finite stratification X = | ],c; X; such that F|x, ., is lisse

and (X . E) . is smooth for each 7 € I.
’ re

7

Proof. The case of Qg-coefficients easily reduces to the case of Zs-coefficients by choosing a Z,-
lattice. Now, for any F € D%(X x4 n; Zy), w3 J has lisse cohomology groups if and only if

(r%xTF) ©%, Fe = 7% (F 7, Fy)

has lisse cohomology sheaves. Therefore, it suffices to prove the claim for A = Z/¢("Z.

By noetherian induction, it suffices to show that, for each generic point 1 € X, there is an open
n € U C X such that 73 F|u,. € D% (X5;Z/0"Z) has locally constant cohomology sheaves and

(UE) red is smooth.

The proof of Lemma A.1.12 ensures that cohomology sheaves of F € DY (X x41n;Z/"Z) are
constructible in the sense of [LZ19] (see the discussion after [LLZ19, Corollary 1.26]). Using the
definition of constructible sheaves in [[.Z19] and boundedness of F, we conclude that there is an
open 1 € U C X such that F|y has locally constant cohomology sheaves (in particular, the same
holds for 7% F). Then a standard argument shows that, after possibly shrinking U, one can also
achieve that U rea 18 smooth. (|

Lemma B.2.10. Let X be a geometrically normal (i.e. X7 is normal) finite type k-scheme, ¢ a
prime number invertible in k, and F a Qg-local system on X x4 n. Then there is a Z,-local system
G and an isomorphism § [%] ~ F.

Proof. The standard t-structure on D%(X x4 n; Q) is induced from the standard ¢-structure on
DY(X x4 n;Zy), so there is a sheaf G € DY(X x4 n;Z,)” with an isomorphism

sl

Without loss of generality, we may and do assume that G is /-torsionfree. Furthermore, we can
pass to connected components of X to assume that X is connected and, therefore, irreducible
due to normality of X. Therefore, there is an open dense subset U C X such that G|yx,, is a
Z,-local system (it suffices to check the same claim for § ®z, F; that follows from the proof of
Lemma B.2.9). We denote by j: U — X the open immersion of U into X. Then the result follows
from the following two claims:

Claim 1. The natural morphism F — H° (R (j x5 ), Flux.n) is an isomorphism.
Claim 2. The natural morphism H® (R (j xsn), Slux.n) is a Zg-local system.

Now we discuss the proofs of both claims. In what follows we use Remark B.1 without saying,
so we give references to the facts about torsion coefficients and freely apply them to the adic
coefficients.

With that in mind, we recall that 7% is conservative by Lemma A.1.4(3) and 7% R(j X 7)« is
canonically isomorphic to Rjy 7% by Lemma A.1.11(1). Therefore, it suffices to prove analogous

claims for a Q-local system F on a normal, finite type k-scheme X7z and a constructible Z-lattice
G. This is standard and left to the reader. O

Corollary B.2.11. Let X be a geometrically normal finite type k-scheme, ¢ a prime number
invertible in k, and F a A-local system on X x 47 for A € {Qy,Zy, Z/¢"Z}. Suppose that the action
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of I is trivial on 75 J. Then the natural morphism
F — pxHO(Rpx . F)
is an isomorphism, and H°(Rpx .F) is a A-local system on X.

Proof. The case of A = Z/{"Z follows from Lemma A.1.9 and the trivial observation that a lisse
sheaf G € Shvijise(X,Z/{"Z) is a local system if and only if ¢5F € Shviygee(X5; Z/"Z) is. The
case of A = Z, follows by passing to a limit. The case of A = Qy follows from Lemma B.2.10 by
taking a Zjy-local system G with an isomorphism § [ﬂ ~ J (so the action of I on G is automatically
trivial). O

Finally, we discuss the “perverse” t-structure on D2(X x4 7; Q). The idea of the construction
is similar to that of constructible t-structure on DIC’(X X5 1;Q): we descend it from the perverse
t-structure from D?(X5; Qy) (see [KWO1, Section III.1]).

Lemma B.2.12. Let X be a finite type k-scheme. Then the category D2(X x n; Q) admits a
“perverse” t-structure:

(1) PDO(X x4 m;Qy) is the full subcategory of D(X x4 n; Q) consisting of objects F such
that 74 F € PD=9(X5; Qy);

(2) PDZO(X x4 m;Qy) is the full subcategory of DY(X x4 n; Q) consisting of objects F such
that 74 F € PDZ9(X5; Qo).

Proof. As in the proof of Lemma B.2.6, the only hard part is to show that the object Pr<07%5F €
D%(X5; Q) and the morphism

Prlpt e 5 %€
in D%(X5; Q) descends to D%(X x,n; Q) for each & € D2(X x4 n; Q).

We prove it by induction on dim X. If dim X = 0, then the constructible and perverse t-structures
on Xz coincide, so the result follows from Corollary B.2.7. Now we suppose that the claim is known
for all finite type k-schemes of dimension < d, and deduce it for X of dimension d.

For brevity, we denote 7% € simply by E. Lemma B.2.9 implies that there is a dense open U C X
such that UE,r o4 18 smooth and E|Uz has lisse cohomology sheaves. Let us denote by F' € DZC’(Xg; Qo)
the shifted cone:

F = cone(E — Rjs .72 E)[-1],
where j: U — X is the open immersion and 72! is the truncation functor for the standard ¢-
structure on D%(X3; Qy). Let us also denote by A the shifted cone

A = cone(F — igPr7 it E)[-1]

where i: Z = X\U — X is the complementary closed immersion and pTZZI is the perverse truncation
on D% Zs; Q). This comes with a natural morphism A — E, and the construction of P7=0 in the
proof of [[KWO01, Lemma III.1.1] (in particular, see [[KWO01, p.140 and Claim on p.141]) guarantees
that this morphism is isomorphic to

Pr<VF 5 E.

Therefore, in order to descend the morphism P7<E — E it suffices to descend Rjs s, is%, Jz,
it, 721, and pTzzl. The first two functors descend by Lemma A.1.11(1) (and Remark B.1), the
next two functors clearly descend, the truncation functor for the standard t¢-structure descends by

Corollary B.2.7, and the perverse truncation pTZZI descends by the induction assumption. ([l
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Definition B.2.13. A complex F € D2(X x,1; Q) is perverse if it lies in the heart of the perverse
t-structure. We denote the category of perverse sheaves by Perv(X xgn; Q).

Lemma B.2.14. Let X be a finite type k-scheme. Then Perv(X X n;Qy) is an Artinian and
Noetherian category.

Proof. This follows from the facts that 7% is conservative (see Lemma A.1.4(3) and Remark B.1)
and that Perv(X xsn; Q) is Artinian and Noetherian (see [KWO01, Corollary I11.5.7]). O

B.3. Six functors over an arithmetic field. The main goal of this section is to develop a 6-
functor formalism for the Qg-constructible complexes on the Deligne’s topoi X xs1n. We develop
this formalism under the additional assumption that the ground field K is arithmetic (see Defini-
tion 2.1.1). Most likely, one can avoid this assumption by using the categorical gluing formalism
from [L.Z17], but we do not pursue it in this paper.

For the rest of the section, we assume that K is an arithmetic field.

Lemma B.3.1. Let K be an arithmetic non-archimedean field, X a finite type k-scheme, and ¢ a
prime number invertible in O . Then the natural morphism

DY(X xgm;Zg) — 2 —lim DYy (X x4 m; Z/0"Z)
n
is an equivalence, where 2 — lim,, stands for the projective 2-limit in the 2-category of categories.

Proof. First, we note that 3"®IZ*Z Z/0"Z € Dgtf(X;Z/B"Z) for any F € DX x4 n;Z¢) and an

integer n > 1. Therefore, there is a natural functor
v: DUX xgm;Zy) — 2 — lilec’tf(X Xsm; ZJO"Z).
n

Essentially by construction, this functor is essentially surjective. Thus we only need to show that
it is also fully faithful.

Let = “lim, "F, € DY(X xsn;Z¢) and G = “lim,,”G,, € DY(X xsn;Z). Since D2(X xsn; Zy)
is the homotopy category of a full co-subcategory of lim,, D(X X n;Z/{"Z), we see that there is
Milnor’s short exact sequence computing Hom groups:

0 — R! lim Exti}enz(?n, Sn) — Homz, (¥, ) — lim Homg/pnz(Fn, Gn) — 0.

Corollary A.1.17 implies that Exti}znz(ﬂfn, 9,) are finite group. Thus the Mittag-Leffler criterion
implies that the R!lim,,-term vanishes. In other words,

Homg, (9,9) ~ liTILn Homgz, /pnz(Fn, Gn)-
This exactly means that  is fully faithful. (|

Lemma B.3.2. Let K be an arithmetic non-archimedean field, f: X — Y a separated morphism of
finite type k-schemes, and ¢ a prime number invertible in Og. Let ¥ = “lim,,”F,, and § = “lim,,” G,
be objects in D2(X x,n; Zy), and H = “lim,, " H,, an object in D5(Y x, n;Z,). Define

R(f x5 m)sF = “Wm"R(f X 1)+Fn,
(f )3 = “Tm” (f X 1) Ho,
R(f xs nhT = “ligl”R(f Xs MTn,
(f xs )30 = “Hm ™ (f x5 1) Hn,
F®7, § = “lm”F, 87 4z Sn,
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RFHomg,(F,9) = “ hrEn "RHomz, mz(Fn, Gn)-
Then Rf,F and RfiF are objects DY(Y x4 1;Zy), while (f x4 n)*H, (f xsn)'H, ?@éz g, and
RHomz,(F,G) are objects in D2(X X n; Zy).
Proof. Lemma B.3.1 implies it suffices to show that all these functors satisfy base change with

respect to the morphisms Z//"Z — Z/¢{"~'Z. The claim is essentially obvious for (f xsn)* and
_®é/5nz_' For other functors, this follows from Lemma A.1.11(4), Lemma A.2.3(4), Lemma A.2.4(5),

and Corollary A.1.13. g

Definition B.3.3. Let f: X — Y be a separated morphism of finite type k-schemes. We define
the siz functors

R(f %5 m)es R(f X5 m)1: DUX x5 105 Ze) = DUX x5 15 Zo),
(f Xs "7)*7 (f Xs 77)!: DZ(Y X 15 ZZ) — DS(X X5 15 ZZ)a
— ®%, —: DY(X x5 1;Z¢) x DY(X x5, Z¢) — DYUX x50 Zg),
R omz,(—, —): DY(X xs1; %) x DY(X x4n;Zy) — DUX x5 m;Ze)
as in Lemma B.3.2. All these functors formally induce functors
R(f x5 M) R x5 m)1: DUX x5 75 Qo) — DX %575 Qo),
(f s m)", (f xsm)'s DUY x5 Qe) = DU(X ., m; Qo)
= ®G, =1 DX x5 1 Qo) x DX x5 1 Qe) = DX x5 Qo)
RHomq,(—, —): DY(X xs17; Q)P x DX xsm;Qr) — DX xs1; Qp).
Remark B.3.4. By a standard limit argument, one easily checks that all results from Appendix A
stays true for the objects of D2(X x, n; Zy) and D2(X x, n; Q).

Remark B.3.5. Using [BBDS82, Proposition 2.2.5], Lemma A.1.11(1), and Lemma A.2.3(1) (and
Remark B.3.4), we see that, for every quasi-finite morphism f: X — Y of finite type k-schemes,
the functor

R(f xsn): ch)(X X5 1; Qe) — DS(Y X515 Qo)
is right perverse exact (see Lemma B.2.12), and
R(f x5 )« DUX x5 m;Qe) = DAY %515 Qo)

is left perverse exact.

Definition B.3.6. For a locally closed immersion j: X — Y between finite type k-schemes and a
perverse sheaf F € Perv(X X n; Qg), we define the intermediate extension

(J Xs M)iF =PIm (pf}(o ((j xsm) F) = PHO(R(j x5 1), &‘")) € Perv (Y x5m; Q).

Lemma B.3.7. Let K be an arithmetic field, j: X — Y be a locally closed immersion of finite
type k-schemes, ¢ a prime number invertible in k, and n > 1 a positive integer. Then

(1) the diagram
X
Perv(X xsn, Q) —— Perv(Xz, Qy)
i(szn)[* ifg,!*
Perv(Y x4 1, Q) — Perv(Ys, Qp),

commutes (up to a canonical isomorphism);
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(2) the diagram
Perv(X x5 n;Qy) L Perv(X; Q)
|Gxamn. i
Perv(Y xsn;Qy) L Perv(Y; Qq).
commutes (up to a canonical isomorphism) for every continuous section o: Gy — Gy;
(3) the diagram
Perv(X; Q) & Perv(X xsn; Qu)
|3 |@xen
Perv(Y; Qy) L Perv(Y xsn;Qy)
commutes (up to a canonical isomorphism).

Proof. The proof is an easy consequence of Lemma A.1.11, Lemma A.2.3, and Lemma B.2.12.
Details are left to the reader. g

Lemma B.3.8. Let X be a finite type k-scheme, and F a simple perverse sheaf on Perv(X xm; Qy).
Then there is an irreducible subscheme Y C X, an open dense U C Y, and an irreducible local
system G on U such that Uyeq is smooth, and F ~ ji,(G[dim Y]).

Proof. The proof is identical to that of [IKWO01, Corollary 5.5] using Lemma B.2.9 and the usual

properties of the six functors, . 0
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